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Abstract

The shift towards a knowledge-based economy has inevitably prompted the
evolution of patent exploitation. Nowadays, patent is more than just a
prevention tool for a company to block its competitors from developing
rival technologies, but lies at the very heart of its strategy for value creation
and is therefore strategically exploited for economic profit and competitive
advantage. Along with the evolution of patent exploitation, the demand for
reliable and systematic patent valuation has also reached an unprecedented
level. However, most of the quantitative approaches in use to assess patent
could arguably fall into four categories and they are based solely on the
conventional discounted cash flow analysis, whose usability and reliability in
the context of patent valuation are greatly limited by five practical issues:
the market illiquidity, the poor data availability, discriminatory cash-flow
estimations, and its incapability to account for changing risk and managerial
flexibility.

This dissertation attempts to overcome these impeding barriers by ratio-
nalizing the use of two techniques, namely fuzzy set theory (aiming at the
first three issues) and real option analysis (aiming at the last two). It com-
mences with an investigation into the nature of the uncertainties inherent
in patent cash flow estimation and claims that two levels of uncertainties
must be properly accounted for. Further investigation reveals that both lev-
els of uncertainties fall under the categorization of subjective uncertainty,
which differs from objective uncertainty originating from inherent random-
ness in that uncertainties labelled as subjective are highly related to the
behavioural aspects of decision making and are usually witnessed whenever
human judgement, evaluation or reasoning is crucial to the system under
consideration and there exists a lack of complete knowledge on its variables.
Having clarified their nature, the application of fuzzy set theory in modelling
patent-related uncertain quantities is effortlessly justified.

The application of real option analysis to patent valuation is prompted
by the fact that both patent application process and the subsequent patent
exploitation (or commercialization) are subject to a wide range of decisions
at multiple successive stages. In other words, both patent applicants and
patentees are faced with a large variety of courses of action as to how their
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patent applications and granted patents can be managed. Since they have
the right to run their projects actively, this flexibility has value and thus
must be properly accounted for. Accordingly, an explicit identification of
the types of managerial flexibility inherent in patent-related decision making
problems and in patent valuation, and a discussion on how they could be
interpreted in terms of real options are provided in this dissertation.

Additionally, the use of the proposed techniques in practical applications
is demonstrated by three fuzzy real option analysis based models. In par-
ticular, the pay-off method and the extended fuzzy Black-Scholes model are
employed to investigate the profitability of a patent application project for
a new process for the preparation of a gypsum-fibre composite and to jus-
tify the subsequent patent commercialization decision, respectively; a fuzzy
binomial model is designed to reveal the economic potential of a patent
licensing opportunity.
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Sammanfattning

Framväxten av en kunskapsbaserad ekonomi har obestridligt drivit utveck-
lingen av exploatering av patent. Ett patent är för företag inte längre enbart
ett sätt att hindra konkurrenterna fr̊an att utveckla konkurrerande teknolo-
gier utan ligger nuförtiden i kärnan av företagets värdeskapande och ut-
nyttjas därför för ekonomisk vinst och konkurrensfördelar. I samband med
exploateringen av patent har ocks̊a efterfr̊agan p̊a en p̊alitlig och systematisk
värdering av patent ökat. De kvantitativa metoderna som används för att
utvärdera patent kan kategoriseras till fyra klasser men de baserar sig enbart
p̊a den konventionella nuvärdesmetoden vars användbarhet och p̊alitlighet
inom patentvärdering begränsas starkt av fem utmaningar: svag likviditet,
sv̊ar tillg̊ang till data, diskriminerande kassaflödesberäkningar samt dess
oförm̊aga att ta hänsyn till växlande risk och flexibelt beslutsfattande.

Denna avhandling försöker bemästra dessa hinder genom att rationalis-
era användningen av tv̊a tekniker, nämligen fuzzy mängdteori (eng. fuzzy
set theory) (relaterat till de tre första utmaningarna) och analys av re-
aloptioner (de tv̊a sistnämnda utmaningarna). Avhandlingen börjar med en
beskrivning över osäkerheterna i kassaflödesberäkning för patent och p̊avisar
att det finns tv̊a niv̊aer av osäkerheter som man m̊aste reda ut. Vidare
utredning avslöjar att b̊ada niv̊aerna av osäkerhet faller under kategorin sub-
jektiv osäkerhet vilket skiljer sig fr̊an objektiv osäkerhet som kommer fr̊an
inneboende slumpmässighet: de osäkerheter som stämplas som subjektiva
är beroende av de beteendemässiga aspekterna av beslutsfattande och kom-
mer vanligen fram alltid när mänskligt omdöme, evaluering eller resonemang
är avgörande för systemet som övervägs och det r̊ader brist p̊a fullständig
kunskap om dess variabler. Efter att ha förtydligat karaktären hos dessa
osäkerheter, är det lätt att motivera tillämpandet av fuzzy mängdteori i
modellering av patentrelaterade osäkra kvantiteter.

Analys av realoptioner lämpar sig p̊a patentvärdering för att b̊ade ansök-
ningsprocessen för ett patent och efterföljande exploatering av patent (eller
kommersialisering) utsätts för väldigt olika typer av beslut under m̊anga p̊a
varandra följande faser. Med andra ord, det finns en m̊angfald av tillvägag̊an-
gssätt b̊ade för patentsökande och för patentinnehavare gällande hur deras
patentansökningar och beviljade patent kan förvaltas. Eftersom de aktivt
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kan föra fram sina projekt, är denna flexibilitet värdefullt och borde därför
utredas ordentligt. Därmed inneh̊aller denna avhandling en tydlig identi-
fiering av de typer av flexibelt beslutsfattande som är väsentliga för paten-
trelaterat beslutsfattande och patentvärdering samt en diskussion över hur
dessa typer kunde tolkas i realoptionstermer.

Genom tre modeller som baserar sig p̊a realoptionsanalys med fuzzy
tal (eng. fuzzy real option analysis) visar avhandlingen ytterligare hur
de föreslagna teknikerna kan användas i praktiska tillämpningar. Specifikt
används återbetalningsmetoden (eng. pay-off method) och den utvidgade
fuzzy Black-Scholes modellen (eng. extended fuzzy Black-Scholes model)
för att undersöka lönsamheten hos ett patentansökningsprojekt gällande en
ny process för framställning av gips-fiberkomposit och för att motivera det
efterföljande beslutet om kommersialiseringen av patentet; en fuzzy bino-
mialmodell (eng. fuzzy binomial model) konstrueras för att visa ekonomipo-
tentialen hos en patentlicensieringsmöjlighet.
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Chapter 1

Introduction

Intellectual property (IP) is a twofold concept. In a broad sense, it refers to
the creations of human mind. The World Intellectual Property Organization
(WIPO) defines IP in the following way [3]:

Intellectual property relates to items of information or knowl-
edge, which can be incorporated in tangible objects at the same
time in an unlimited number of copies at different locations any-
where in the world. The property is not in those copies but in
the information or knowledge reflected in them.

IP also refers to the legal rights which stem from intellectual activity in the
industrial, scientific, literary and artistic fields and are enforced by intellec-
tual property law to safeguard the interests of creators and other producers
of the intellectual goods and services [5]. In other words, IP also protects
rights to ideas by protecting rights to produce and control physical instan-
tiations of those ideas [62]. It is therefore a summarizing designation for
the creations of mind and the exclusive rights which are granted to their
creators.

IP is traditionally categorized into two subclasses, namely copyright and
industrial property:

• Copyright includes literary and artistic works, films, music and archi-
tectural design. Rights related to copyright refer to those of perform-
ing artists in their performances, producers of phonograms in their
recordings, and broadcasters in their radio and television programs
[4].

• Industrial property, very broadly, covers patents for inventions, util-
ity models, industrial designs, trademarks, service marks, commer-
cial names and designations, semiconductor protection and protection
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against unfair competition. As a reward for creativity, industrial prop-
erty right confers on creators a monopoly privilege which excludes
others.

The oldest evidence of industrial property can be traced back to the
15th century, which is a statute issued by the Republic of Florence in 1421
to architect Brunelleschi who was awarded the exclusive right for three years
to build a ship with a lifting apparatus for transporting marble. The first
statute of modern copyright is generally considered to be the Statute of Anne
issued in 1710 in Great Britain, which granted authors protection on what
they produce for fourteen years, with a possible fourteen-year renewal on the
condition that the author be still alive. In general, these statutes, together
with other parallel legislation, although varying in different geographical
regions, have been developed and refined for two major reasons. One is
to incentivize further technical developments through publication and to
encourage fair trading. The second is to provide those who are intellectually
creative with the moral and economic rights in their creations.

1.1 Patent and European patent system

Among the aforementioned instruments and methods existing to appropri-
ate returns from innovation is patent, which has played a very important
role in humankind life and, in fact, pervaded every aspect of it, from tele-
phone (patents held by Alexander Graham Bell) and first computer (patents
held by Herman Hollerith), to insulin (patents held by the University of
Toronto) and holography (patents held by Gábor Dénes). Additionally, as
the global economy transitions from a manufacturing-based economy to a
more knowledge-based economy, patent is more than just legal instrument
for a company, but lies at the very heart of its strategy for value creation
and is thus strategically exploited for economic profit and competitive ad-
vantage [65]. For example, from 2003 to 2011, Kodak pocketed over $3
billion on licensing revenues from some 20000 patents it owned; in 2011, a
consortium mustering Apple, Microsoft and RIM acquired Nortel’s portfolio
of 6000 wireless communication patents at a staggering price of $4.5 billion
[34]. This can also be proved by the fact that the number of patent applica-
tions has seen a drastic increase since the 1980s (see Figure 1.1). We shall
next discuss the principles concerning patent and the necessity of patent
valuation, and brief patent appraisal from a quantitative perspective.

1.1.1 What is a patent?

A patent is an exclusive industrial property right which provides protection
for an invention to the owner of the patent for a limited period of time.
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Figure 1.1: Patent application development from 1980 to 2011 (Source:
WIPO)

It empowers its owner to exclude others from commercially making, using,
distributing or selling the subject matter of the invention in the territory
for which it has been granted without the patent owner’s consent. In return
for the right of exclusion, the patent holder is obliged to publicly disclosure
information on the protected invention so that it could act as a viable point
of departure for further industrial development. In other words, a patent
serves as a contract between the inventor and the public, which exactly
reflects the original intention to promote IP.

It should be emphasized, however, that a patent does not automatically
entitle its owner to practice the patented invention. Instead, he is given
the right to prevent others from commercially exploiting his invention and
entitled to sue anyone who does so. For example, it is often the case that the
subject matter of a newly granted patent is merely an improvement on earlier
inventions which are still under protection of others patents. Therefore, the
invention cannot be practised unless a licensing agreement is reached.

1.1.2 Patent application and patent commercialization

Chronologically, a patent is comprised of the patent application process and
subsequent patent commercialization which is also referred to as the patent
exploitation. We shall next elaborate them individually, with a focus on
the key decisions which require attention from the patent applicant and
patentee.
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European patent application

Unlike copyright, a patent does not come into force instantaneously when the
underlying technology asset is created. Every applicant has to go through a
sophisticated, sometimes lengthy application process. We devote this sub-
section to the discussion on the feasible paths a European patent application
could follow, which includes the outline of the procedure involved in apply-
ing for a European patent through two different filing routes, namely the
European route and the Euro-PCT route, and the corresponding costs or
fees required at each stage in the application process.

European route As its name implies, the European route is a single Eu-
ropean procedure for the grant of patents on the basis of a single application
filed in the European Patent Convention (EPC) contracting states.

A European patent is valid for twenty years starting from the date of
filing, provided that all the application fees and annual maintenance fees are
appropriately paid. However, this does not mean that a European patent
would come into force instantaneously at the first filing as some other IPs,
for example, copyright. A series of sophisticated examinations concerning
the patentability of the patent application and the underlying invention have
to be gone through, and the entire European patent grant procedure could
take up to five years from when the application is filed.

Generally speaking, the European patent grant procedure consists of
two consecutive stages, the first of which “comprises formalities examina-
tion, search report preparation and the drafting of an opinion on whether the
application and the invention to which it relates seem to meet the require-
ments of the EPC” [2] and ends with the publication of the European patent
application and the search report, which is followed by, at the applicant’s
request, substantive examination conducted in the second stage. Figure 1.2
summarizes and illustrates the procedure for the grant of a European patent.

Euro-PCT route The other route is designed for those applicants in-
terested in pursuing the procedure under the Patent Cooperation Treaty
(PCT) before the European Patent Office (EPO) and seeking patent pro-
tection for their inventions simultaneously in each of the Contracting States.
In the Euro-PCT route the EPO practically acts in its capacity as a patent
application receiving office, an International Searching Authority (ISA), a
Supplementary International Searching Authority (SISA), an International
Preliminary Examining Authority (IPEA) and a designated office simultane-
ously. The Euro-PCT route could accordingly be broken up into two phases,
namely the international phase and the subsequent European phase. Please
refer to Figure 1.3 for a detailed illustration of the Euro-PCT route and the
major costs required.
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Figure 1.2: European route for patent application
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Figure 1.3: Euro-PCT route for patent application
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Within 12 months from the filing date of the first patent application,
which is typically a national patent application in the home country of the
applicant, an international application (the PCT application) could be filed
with the EPO if the applicant is a national or resident of a Contracting
State of the PCT which is also party to the regional office. The interna-
tional application is then subjected to an international search, the results of
which are issued in the form of an “international search report”, consisting
of a listing of the citations of published documents that might affect the
patentability of the claimed invention in the international application. The
international search report, together with a written opinion on patentabil-
ity conducted by an International Searching Authority (ISA), will be then
communicated by the ISA to the applicant, who now has the option to with-
draw his or her application, in particular when the said report or opinion
suggests the application be rejected. If the applicant chooses to proceed,
both the application and the international search report excluding the writ-
ten opinion on patentability would be published, after which the applicant
may choose to order or request for an international preliminary examination
of the underlying patent application.

Within a time frame of 31 months from the priority date, the applicant
would have to decide the countries where he or she wishes to enter the
national phase before the EPO, after which the international application
is said to be in the European phase [1] and the EPO will carry out the
examination of the patent and determine whether it could be granted.

Patent commercialization

Once a patent has been granted, its holder could immediately proceed to the
commercialization phase. Generally speaking, patent exploitation could be
classified into five categories according to the level of intensity (see Figure
1.4), which are patent exploitation for defence, patent exploitation for secur-
ing superiority, patent exploitation as business strategy, patent exploitation
as management strategy and patent exploitation as financial assets [74].

• Patent exploitation as defence, as its name implies, refers to the passive
strategy adopted by a company to use patent as prevention tool to
block its competitors from developing rival technologies.

• Patent exploitation for securing superiority includes such measures
as taking legal action against infringer, and expanding upon existing
knowledge, which is frequently referred to as inventing around.

• The next level of exploitation could be seen as the extension of the
one of securing superiority as it formalizes the realization of patent as
a legal weapon and regards it as a source of profit.
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Figure 1.4: Evolution of patent exploitation

• The use of patent has also evolved to exploitation as management
strategy and business asset. For example, there is a common tendency
among firms to license out their patents to exact as much profits as pos-
sible from their protected innovation, and to gain external knowledge
through inward licenses; research further suggests that a strong patent
portfolio can boost the bargaining position of technology-intensive
small firms and start-ups in negotiation with larger firms.

• In recent years, the new trend of patent as financial asset has gained
great popularity among not only inventors and science and innovation-
based business but “slick investors, from hedge funds and private-
equity firms to venture capitalists and even distressed-debt funds” [89].
The emergence of patent as alternative investment, however, came as
no surprise. On one hand investors from financial industry seek to
profit from arbitrage trading by taking advantages of the pricing in-
efficiencies in illiquid patent market and the practical difficulties in
valuing patent; those on the sellers’ side, such as individual inventors
and universities that lack the required resources to market their in-
novation, firms filing for bankruptcy and technology providers with a
large amount of unutilized patents, are increasingly looking to cash in
their patents as external sources of finance.

1.2 Patent valuation

1.2.1 The need for patent valuation

As was noted in the preceding work, the shift towards a knowledge-based
economy has prompted the evolution of patent exploitation, which has been
witnessed in the form of heightened propensity to patent, or in other words
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Figure 1.5: Evolution of patent exploitation and implication for patent val-
uation at each stage

a surge in the number of patent applications filed, over the last two decades.
Along with the evolution of patent exploitation, the demand for systematic
patent valuation has arisen. As can be seen in Figure 1.5 [74] although
such need does not seem to be persuasive in the situation when patent is
merely adopted as a defensive tool, it is undeniably evident in the cases
of patent exploitation as management strategy and the financialization of
patent. For example, it is crucial for IP managers to know the value of their
patents when determining the royalty rates for licensing agreements. It has
also been proved that patent has a positive impact on acquisition premium
when estimating the value of a merge and acquisition deal. For example,
out of the total purchase price of 5.44 billion euros for the Microsoft-Nokia
deal, 1.65 billion relates to the mutual patent agreement and future option
granting Microsoft the right to extend this mutual patent agreement in per-
petuity. Those in pursuit of external sources of financing, whether they are
new technology-based firms collateralizing their patents for bank loans or
securitizing them to raise capital, or start-up firms seeking venture capital,
are also in great need of rigorous techniques for determining patent value,
preferably in monetary terms, to facilitate their exploitation.
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Figure 1.6: Classic quantitative patent valuation models

1.2.2 A review of the conventional quantitative models for
patent valuation

As a consequence of the increased awareness of patents as means to ap-
propriate innovation rents and growing enthusiasm for reliable quantitative
patent valuation methods witnessed within not only practitioners such as
IP managers, accountants, consultants, financial analysts and venture cap-
italists, but also the academic, a variety of approaches have been proposed
for different evaluation circumstances. We shall in this subsection provide a
brief introduction to the four prevailing methodologies as shown in Figure
1.6, namely the income based methods, cost based methods, market based
methods and decision tree analysis (DTA) based methods, with a specific
aim to pinpoint their limitations. Before proceeding with the elaboration of
the major quantitative patent valuation methods, it is important to point
out that such methods are primarily used in accounting, management sci-
ence and operations research and the following work would by no means
serve as a comprehensive survey of all patent valuation methods that exist.
Methods based on a qualitative approach have been briefed in, for example,
Lagrost et al. [51], Munari and Oriani [65] and Bessen and Meurer [10].

Cost based methods

The cost based methods are derived on the principle that an investor would
not pay more for an asset than the cost to acquire similar benefits from
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another asset. They therefore determine the value of a patent by measuring
either the reproduction (internal) cost or the replacement (external) cost.
The cost of reproduction refers to the consumption of economic assets (tan-
gible and intangible) needed in developing the exact replica of the invention
protected by the patent being valued, while the cost of replacement equals
to the expenditures required to obtain an invention which offers equivalent
functionality to the patented invention subject to valuation but may fulfil
the required tasks in a different way [27, 88].

Despite its ease of use, the cost approach is rarely adopted in patent
appraisal. The crucial weakness impeding its application is that it does
not account for any potential economic benefits associated with the subject
patent, which limits their usability to such circumstances as early stage
technologies from which little or no revenue could possibly be generated.
Harald Wirtz [94] pointed out that, in practice, the cost approach normally
only serves as a plausibility check of values calculated by other approaches,
for example, the income approach. He also argued that the value determined
by the cost approach could be used as the minimum since no rational investor
would pay more for a patent than the price of an asset with the same utility.

Market based methods

The market based methods, which are also known under the names of trans-
actional approach and comparison approach, use the price paid for a compa-
rable asset in a very recent commercial transaction as a basis to determine
the value of the subject asset being valued.

Compared with the income and cost based methods, the market based
methods seem to be relatively easy to use, but much work is still required in
adapting the transaction prices collected. As was noted above, the applica-
bility of such methods hinges upon two prerequisites, namely a transparent
market for or the availability of transactional data on the comparable asset
and the comparability between the “outside evidence” [27] and the asset sub-
ject to valuation, neither of which, however, could be easily satisfied in the
context of patent. First, the fact that there is no one well-established inter-
mediary which facilitates transactions between patent creators and patent
users in the similar manner as London Stock Exchange or New York Stock
Exchange in equity market, and that the market for patent has long lacked
liquidity and transparency due to, for example, the portfolio effects, high
search costs on both sides of the patent market and risk of litigation make
it difficult to find comparative assets and accessible transaction prices. Sec-
ond, every patent is unique by nature as it or rather the innovation it pro-
tects must exhibit an element of novelty, that is, some new characteristic
which is not already covered in the prior art, which, to a certain extent,
limits its comparability with others and further exacerbates the difficulty
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of patent transaction. It is therefore important to make necessary adjust-
ments for comparability between the subject patent and its surrogate when
the difference between them is not negligible. A number of factors affecting
the comparability should be taken into consideration, among which are the
lifespan, inventive step/distinctive feature, scope and geographic coverage
of the subject patent and the comparable patent, and the comparability of
the markets they will respectively be exploited in. Besides, due to the fact
that confidentiality agreement surrounds most of the patent transactions,
one has to bear the risk that the transaction price used does not fully re-
flect the true value of the comparable asset as the result of, for example, a
forced agreement. In addition, quantifying all the aforementioned informa-
tion, which is normally realized in practice by crumbing everything into one
single number referred to as the relevant multiple, can by no means be said
to be easy.

Income based methods

The income based methods are based on the discounted cash flow (DCF)
theory, which, loosely speaking, defines the asset value as the present value
of the anticipated future incomes to be generated from the subject patent
throughout its expected economic life. Among all the derived methods
that reside under the umbrella of income based approach, the direct cash
flow method, incremental cash flow method, relief from royalty method and
multi-period excess earnings method are the most widely accepted and used
ones.

• The direct cash flow method, as its name suggest, uses the income flow
which is directly attributable to the underlying asset. It is therefore
applicable to the case where the subject innovation is not implemented
in production process by its owner but is licensed out to a third party.
The licensing fee can then serve as the direct cash flow in the valuation.

• Incremental cash flow method compares the estimated future cash
flows from the target company holding the technology asset which
is under the protection of the subject patent being valued, with the
cash flows from a comparable company, ideally in the same sector,
which has no possession of such asset. The difference in the cash flows
per period between them is then discounted to its present value with
a discount factor which is appropriate with respect to risk and time
before added up together. The cumulative sum plus the present value
of the tax amortization benefit (TAB) serve as the value of the subject
patent.

• Relief from royalty method, as its name implies, suggests that the fair
value of a patent be determined upon the royalty income attributable
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to it. The principle behind this method is that the value of a patent
equals to the cost its proprietor saves on owning it instead of leasing
it. It is therefore important to emphasize that the royalty income in
this context does not refer to the license fees receivable but rather
the cost saving on royalties which the target company would have had
to pay to a third party licensor if it did not own the subject patent.
Accordingly, it requires the estimation of revenues attributable to the
technology asset over a certain period and the appropriate royalty rate
the company would have had to pay in exchange for an inward license,
which could be determined based on available market data for licensing
agreements involving similar assets, industries and other characteris-
tics. The present value of the projected royalty payment for each year,
capitalized at an appropriate discount rate, is then calculated before
added up together with any tax benefits. Since the relief from royalty
method bears a striking resemblance to the market approach as it also
requires the access to information on historical transactions of refer-
ence value, it unfortunately has to share the same problem of poor
data availability as the market approach.

• Multi-period excess earnings method (MPEEM), in general terms,
looks at the present value of the net cash flows stemming from the
asset being valued for its remaining expected lifespan. These net cash
flows are those in excess of fair returns on all the contributing as-
sets which are necessary to the realization of the cash flows. In other
words, the MPEEM isolates the cash flows attributable exclusively to
the subject patent from the overall cash-flow stream. To this end, a
contributory asset charge, which is also known as the fictive fee and
could be considered as “rents” paid to a hypothetical third party for
borrowing all the contributory assets, is made against the overall cash
amount. The resulting “excess-earnings stream” [66] plus any tax ben-
efit then comprise the patent value. The multi-period excess earnings
method is similar to the relief from royalty method in that the latter
requires the fictive royalty for the subject patent while the former finds
the fictive fee for all other contributory assets. As a result of its spe-
cific usage, the multi-period excess earnings method is recommended
only if the patent under valuation contributes the most to the cash
flow, otherwise the bandwidth of assessment would be too large and
the estimation accuracy too low [94].

As was noted, the reliability of the aforementioned techniques rests with
two major factors, which are the selection of discount factor and the esti-
mation accuracy of the overall future cash-flow stream which consists of the
total inward cash flows attributable to the subject patent and all direct and
indirect costs associated with it. This, however, can by no means be said to
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be an easy task. First, the discount rate applied is affected by several fac-
tors including inflation rate, asset liquidity, real interest and risk premium.
Second, the cash-flow estimation demands not only a comprehensive grasp
of the attributes of the specific property but substantial knowledge of “the
competitive and economic environment in place during the appropriate time
frame for the valuation” [57]. Finally, the data of patent-related transactions
is rarely published.

One major drawback of the income-based approaches is the usage of one
single discount factor, Ideally, the discount factor is supposed to reflect the
risk of the cash flow concerned. Therefore, the fact that the any patent or
patent application involves cash flows occurring at multiple stages, each of
which is associated with unique risk characteristic, hampers the use of a
constant discount factor which implicitly assumes that the risk associated
with the patent cash flows increases at a constant rate over time.

Decision tree analysis (DTA) based methods

In addition to the difficulties of selecting appropriate discount rates that
reflect the risk inherent in the various stages of a patent’s lifespan and esti-
mating the corresponding future cash flows, the income based methods, or
rather the DCF methods fail to account for the various possibilities avail-
able to patent managers. For example, a patent could be abandoned at any
stage into the post-grant phase, and even an ongoing patent application at
its final phase could be withdrawn. Additionally, any patent manager has
to face the decision as to whether or not to file for foreign applications.

The decision tree analysis (DTA) based methods attempt to take into
consideration the possibility of later decisions by “mapping out all feasible
alternatives managerial actions contingent on the possible states of nature
(chance events) in a hierarchical manner” [92] and assigning each possible
future event a probability of occurrence. Management can then select the
alternative which is consistent with the objective of value maximization.
Despite its clear theoretical advantage over the DCF analysis, the DTA
would still require, for each stage of a patent, a discount rate which is
appropriate to the risk level in that stage. As was discussed in the previous
subsection, the risk level and hence the corresponding discount rate is most
likely to vary through time.

1.2.3 Problems of the conventional quantitative models for
patent valuation

The scope of the revision would not be restricted to the characteristics of
their weaknesses or utilities. What really interest me here are the funda-
mental causes behind them. Accordingly, I claim that there are five major
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issues that limit the usability and reliability of the classic approaches for
patent appraisal. Although these causes have been partially disposed in our
preceding discussion, we shall next re-emphasize them from a more theoret-
ical perspective which we hope could also serve as the formal foundation for
our future work.

Illiquid market for patents

Compared to patents which have been around for hundreds of years, the
patent market, in which patents are isolated from the innovation they pro-
tect and considered as tradable assets and which emerged along with the
evolution of the knowledge-based economy and the accompanying recogni-
tion of patents as alternative investments, is still in its infancy. This is best
exemplified by the comparison given by an IP lawyer based in Silicon Valley
whom Monk interviewed for his work [61]. In the interview, this IP lawyer
noted “the market for patents is real and it is growing, but describing it
to outsiders is like trying to describe financial derivatives in 1982”. Indeed,
while growing market activity has been reported and data collected [32, 34],
there is still no one well-established and documented market for patents
which bears any resemblance or comparability to the financial markets in
London, New York and Chicago, and the existing patent market is arguable
one of the highly inefficient and illiquid markets in the economy.

Studies that provide supporting evidence for this claim include [31, 44,
61], in which the following fundamental factors have been proven to con-
tribute to the illiquidity of the patent market:

• The infungibility or rather the lack of comparables of a patent impedes
transactions between potential patent owners and patent buyers. On
one hand, it could be extremely time-consuming for patent owners
to find all the potential applications for their patents. On the other
hand, with millions of granted patents in circulation, it requires not
only time but also industry specific knowledge and technical expertise
from patent buyers or users to conduct patent search and discover
those that might cover the technology embedded in their products.
What is worse, the fact that patent applicants tend to disclose only
the minimal information demanded by the patent-issuing authorities
only exacerbates these difficulties. As a result, the high search costs on
both sides of the market greatly limit the usability of any comparable
transaction based analysis, such as the market approach.

• The value of a patent is subject to strong complementarities and port-
folio effects. This is particularly evident in the technology intensive
industries as most of their products, whether it is a particular semicon-
ductor chip or a smart phone, are covered by dozens or even hundreds
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of “interdependent patents”. For example, the curvy corners of an
iPhone, its mail push function, the “gesture entry techniques” [16]
which enable device unlocking by swiping fingers across its screen and
the word-recommendation feature are all under protection of patents.
The complementarities and portfolio effects would therefore dampen
the incentive of potential buyers to purchase or cross-license an individ-
ual patent and undermine its value unless “it complements a portfolio
that the potential buyers already own” [31], which, however, is rarely
the case for a given patent and hence reduces its liquidity as an asset.

• The risk of litigation has pervaded and affected every economic aspect
of patents, from transaction to valuation, and has in fact aggravated
all the aforementioned issues. For example, the fear of infringement
suits from large operation companies among individual inventors and
small firms would further jeopardize their enthusiasm in monetizing
their patents due to the lack of bargaining leverage in negotiating, for
example, a cross-licensing agreement with the well-established firms.
This is because individual inventors and small-sized establishment usu-
ally lack a large portfolio and possess very limited financial resource
and legal expertise. Their counterparties would therefore seek to re-
quire large royalties for the deal or simply threat to sue for infringe-
ment, none of which they could possibility afford [40]. All in all, the
prevalence of patent litigation makes potential market participants
very cautious.

Poor data availability

Strictly speaking, the poor availability of quantitative data regarding patent
transactions is another major contributory factor to the illiquidity and in-
efficiency of the patent market. Nonetheless, the author has extracted and
devoted a whole subsection to it as a traceable and transparent transac-
tion history of the activities on the market is of fundamental importance in
valuing any tradable assets, especially patents. Indeed, each of the above-
mentioned patent valuation methods to some extent requires the projection
of future cash flows of a target patent or the transaction data of a compara-
ble asset. For example, both the direct cash flow method and incremental
cash flow method would need a complete breakdown of the future income
to be generated from the patent from its grant until lapse; an accurate pre-
diction on the total costs required in both the patent application process
and the post-grant phase would also be a prerequisite in some cases; the
reliability of the market based approaches rely heavily on the availability of
the transaction price of its reference object, which is usually just one of the
many elements of a large transaction and hence not individually appraised.
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The biggest obstacle that impedes the acquisition of such data is the con-
fidentiality agreements surrounding patent-related transactions. For exam-
ple, the seller of a patent could be constrained from disclosing the licensees or
any details of the existing licensing agreement; the buyer sometimes choose
to remain anonymous in order not to expose what they are after to other
industry participants [9, 61].

Furthermore, the grant or acquisition of patents may influence the end-
use market in non-stochastic ways and have a remarkable impact upon, for
example, market strategies, technology strategies, competitive positions and
business models [15]. Therefore, the simplifying assumption that the patent-
related future cash flows are purely stochastic does not seem well-founded.

Estimation biases

As a result of the poor data availability of patents, the accuracy of the es-
timation on their future cash flows usually lies heavily on the judgements
from patent experts, which include the inventor who usually has a clear
idea of how significant and advanced the invention is compared to other
technologies in the same field, the patent agent who is responsible for filing
the patent application and usually has “a view of the scope and quality of
patent protection that might be obtained” [79], and those responsible for
marketing the underlying invention who are capable of assessing its mar-
ket share, the monopoly benefits from patent protection whether directly
through sales or indirectly through licensing and other economic benefits
resulting from the exploitation of technology including greater efficiency in
production, improved quality, lessened environmental and safety hazards,
etc. It is very likely that there would be great discrepancies in their cash
flow estimations.

Lack of accounting for changing risk

Both the conventional DCF based patent valuation methods such as the
income approach and the DTA based methods suffer from the rule of thumb
of “one single constant discount factor”. In fact, the same flawed assumption
could also be witnessed in the cost and market based approaches as some
sort of discounting would be inevitable in either case.

Generally speaking, conventional DCF based methods for patent ap-
praisal implicitly assume the existence of an equivalent investment alterna-
tive, such as the stock of a publicly traded company engaged exclusively in
the same type of business as the patent proprietor, which has a similar (i.e.,
perfectly or highly correlated) risk profile, compared to the market, as the
patent under consideration. The expected rate of return demanded by an
investor in such a “twin security”, which can be determined by the after-tax
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weighted average cost of capital (WACC), is then used as the opportunity
cost of capital at which the future cash flows of the subject patent would be
discounted [87]. The after-tax WACC is given by

WACC = rE ×
E

V
+ (1− t)× rD ×

D

V

with

rE = cost of equity

rD = cost of debt

t = tax rate

E = market value of equity

D = market value of debt

V = market value of total capital.

The cost of equity rE is usually obtained on the basis of Capital Asset
Pricing Model (CAPM), which is given as follows:

rE = r + β × (rM − r)

with

r = risk-free rate

rM = return on the market portfolio

β = the asset’s systematic risk.

The fact that the CAPM shown above follows logically from the Markowitz
model which is designed to find a minimum-variance portfolio for a single-
period investment makes its use in a multi-period scenario questionable [94].
In particular, by applying the WACC for the evaluation of a patent, the man-
ager is implicitly assuming that the β of the underlying patent is identical to
the one of the twin security. Myers and Turnbill [71] pointed out that the β
of a project could be influenced by various factors, including its lifespan, the
pattern of its expected cash flows and “the characteristics of any individual
underlying components of these cash flows” [92]. A patent as well as a patent
application usually involves a multi-stage cash flow and the risk associated
with the cash flow is very likely to vary through the lifespan. Therefore, for
the sake of rigour, the β and hence the discount rate of a patent cannot be
assumed to be constant throughout its entire life cycle. This claim is also
supported by Pitkethly [79], who compared a newly granted patent which
is about to face its first litigation with a veteran which is 15 years into the
post-grant phase and has survived multiple attempts to invalidate it, and
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claimed that the use of a single constant discount rate actually violates the
fact that the former patent would be much riskier than the latter.

Ideally, a sequence of distinct risk phases together with a sequence of
discount rates, each of which reflects the risk level associated with the cor-
responding phase, need to be worked out. That is to say, the valuation of
a patent should be split into at least the application phase and exploitation
phase, each having a unique discount rate. Intuitively, a more sophisticated
breakdown would be preferred. For example, the application phase could
be further split into the phase from filing the patent application to the pub-
lication of search results, and the phase from the decision to continue and
demand substantive examination to its grant. The split of the exploitation
phase depends on the commercialization strategy and is hence not exclu-
sive. For example, it could be resolved into the phase from grant to the
beginning of commercialization, the period until the intellectual asset be-
comes well established and the remaining life of this patent until expiry; or
it could simply be resolved into a sequence of annual phases. Choosing an
appropriate future scenario for a patent, however, can never be said to be
an easy task as it might requires a projection of as much as 20 years into
the future. Alternatively, some methods that are capable of dealing with
changing risk, such as means of risk neutral valuation would be highly ap-
preciated in this context. I shall come back to this point in the following
work.

Neglected managerial flexibility

Managerial flexibility refers to the discretion available to management to
adjust its operating strategy in response to the ever-changing market condi-
tions. Such flexibility permeates capital investment-projects and could also
be witnessed in patents. Recall from Section 1.1.2, both the patent applica-
tion process and post-grant patents are subject to a wide range of decisions
at multiple stages. For example, an applicant is required to decide whether
to file for a foreign application after initial filing and whether to continue
application after the search report is published; once the patent is granted,
its proprietor would be confronted with the decision as to whether to license,
sell or abandon the patent on a regular basis until its expiry. Therefore, any
IPR manager is faced with a large variety of courses of action as to how their
patents can be managed and thus has to accept a high degree of uncertainty
concerning their eventual value.

However, except the DTA based methods, none of the aforementioned
patent valuation methodologies manages to build in the value of such flexi-
bility frequently encountered in a patent:

• The cost based methods completely overlook the economic potential
of a patent, let alone any managerial discretion.
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• The market based methods rely heavily on the exterior evidence, which
is the transaction data of a similar intellectual asset recently traded.
Even if the value of managerial flexibility is reflected in such data,
it is hardly possible to know how much of the transaction price is
contributory to it or if the managerial strategy of the comparable asset
is applicable to the patent subject to valuation.

• In the standard DCF analysis on which the income based methods
are based, an implicit assumption concerning the expected scenario of
cash flows is made and an irreversible managerial commitment to a
certain operating strategy is presumed in the first instance [92]. The
underlying project, such as a patent application, would be immedi-
ately accepted on the condition that the resulting net present value
(NPV) proves to be positive. That is to say, the decision could only
be made now or never. However, it is very likely that the realization
of cash flows would differ from the estimated scenario as a result of
the possible highly volatile market environment and unexpected com-
petitive interactions, which forces the management to actively adjust
its original operating strategy in the light of market evolution and
gradual resolution of uncertainty in order to “capitalize on favourable
future opportunities” [92] or avoiding potential losses. Obviously the
standard DCF analysis is vulnerable to such unexpected market move-
ments and hence incapable of accounting for any embedded managerial
flexibility, which greatly limits its feasibility in valuing a patent and
a patent application. For example, an IPR manager needs to actively
review the technology areas where similar innovation to his own could
be developed and at the same time look for any possible conflict with
the existing IPs of others, and justify the continuance of his ongoing
patent application accordingly.

Among all the improvements made on the standard DCF approach is
the DTA, which, as was discussed earlier, allows some account to be taken
of the possibilities available to decision makers by assigning each alternative
(or branch) a probability of occurrence and processing each branch with the
DCF analysis. However, the DTA still does not solve the issue of changing
risk and the selection of probabilities of occurrence has proved to be difficult.

1.2.4 Discussion

As was noted above, the major challenge faced by us is to develop additional
methods to improve on the standard DCF approaches, which on one hand are
able to provide us with more numerically sophisticated analyses for patenting
decision making and patent valuation, and on the other hand retain both
academic rigour and practical relevance.
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Chapter 2

Research problems and
methodology

2.1 Research problems and the structure of the
thesis

As was revealed in the introductory chapter, there exist five major issues
that hamper the usability and reliability of the conventional DCF based
patent valuation methods, which are

1. the illiquidity of the patent market,

2. the poor availability of quantitative data regarding patent transac-
tions,

3. estimation biases among patent experts,

4. lack of accounting for changing risk,

5. neglected managerial flexibility permeating both patent application
and patent exploitation.

This dissertation attempts to overcome the aforementioned practical issues
by rationalizing the use of two techniques, namely fuzzy set theory (aiming
at problems (1) to (3)) and real option analysis (aiming at problems (4) and
(5)). Additionally, the author is enthusiastic about applying a new method-
ology combining both techniques, namely the fuzzy real option analysis, to
patent-related decision making problems and patent valuation.

Accordingly, the dissertation strives to answer the following questions
first:

RQ1 What is the nature of the uncertainties inherent in patent cash flow
estimation?
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RQ2 Is fuzzy set theory a feasible uncertainty theory to capture the patent-
related uncertainties?

RQ3 How to conceptualize and quantify the embedded managerial flexibil-
ity in a patent with real option analysis?

In addition, it attempts to investigate how the proposed techniques could
be implemented in practice, that is, to exhibit:

• the application of fuzzy real option analysis in patent-related decision
making problems,

• and the application of fuzzy real option analysis in valuing a patent
licensing opportunity.

It should be noted that the research questions are not arranged arbi-
trarily. This is because the understanding of a given problem requires the
understanding of the previous problems. Consequently, for the sake of logi-
cal coherence, this dissertation has been organized in such a way that each
chapter is devoted to the investigation of one particular research question or
problem in the same order as they are listed above. Dependencies, in terms
of chapters, are illustrated in Figure 2.1. Additionally, the structure of the
rest of this dissertation and the contribution of each subsequent chapter are
summarized as follows:

• In Chapter 3, a close examination of the consequences caused by the
first three aforementioned issues is provided, from which it will be
concluded that there exist two levels of uncertainties which must be
accounted for when estimating future cash flows of patent (i.e., in re-
sponse to RQ1). To select an appropriate uncertainty theory for their
modelling, a discussion of the classification standards for uncertainty,
in particular the Knightian distinction and the objective/subjective
distinction, is first exhibited, which is followed by an explanation of
why both levels of uncertainties encountered in patent cash-flow esti-
mation fall under the categorization of subjective uncertainty. Having
revealed their nature, the application of fuzzy set theory in modelling
patent-related uncertain quantities can be convincingly justified (i.e.,
in response to RQ2). The basic definitions concerning fuzzy set the-
ory, fuzzy numbers and fuzzy arithmetic operations on fuzzy numbers
are also provided.

• To answer the question of how to conceptualize and quantify the em-
bedded managerial flexibility in patents with real option analysis (i.e.,
RQ3), Chapter 4 first introduces real option analysis as an extension
of financial option pricing theory to the evaluation of real asset invest-
ment, and familiarises the reader with this technique by demonstrating
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its utility in capturing the management discretion conferred upon the
holder of a construction warrant and the managerial flexibility inher-
ent in a pharmaceutical research and development (R&D) project. It
then proceeds to rationalize its application in the context of patent
valuation. In particular, the analysis is first applied to patent applica-
tion and patent exploitation which are treated as a sequential process
before the focus is limited to the application process and post-grant
phase of a patent, respectively. For example, the analysis suggests
that a patenting decision making problem could be conceptualized as
pricing a compound real option, the decision to commercialize a patent
hinges on the value of an European-styled option, the opportunity to
out-licence a patent in the post-grant phase resembles an American-
styled switch option, just to name a few.

• Patent-related decision making problems are essentially equivalent to
those of evaluating investment opportunities which involve initial costs
and potential future benefits unfolding over time. Therefore, the real
option values of a patent application and a patent commercialization
project are what the applicant and patentee, respectively, would pay
for the right to undertake the investment project with its inherent
decision points [91]. It will be demonstrated in Chapter 5 how two
fuzzy real option models, which are real option analysis based and
are designed to work under fuzzy environment owing to vague and
imprecise concepts frequently represented in decision data, could be
employed to assist in patent-related decision making. The following
original papers contribute to this chapter:

Paper 1 Mikael Collan, Robert Fullér, Xiaolu Wang and József Mezei.
Numerical patent analysis with the fuzzy pay-off method: valuing
a compound real option, in: Business Intelligence and Financial
Engineering (BIFE), 2011 Fourth International Conference on,
pp. 405-409. IEEE, 2011.

Paper 2 Mikael Collan, Robert Fullér, Xiaolu Wang and József Mezei.
Patent Evaluation with a Numerical Real Option Method, in:
Proceeding of The 2nd International Conference on Management
Science and Engineering (MSE 2011), Advance in Artificial Intel-
ligence, vol. 1, pp. 685-690. 2011.

Paper 3 Xiaolu Wang and Christer Carlsson. Patent related decision
making with fuzzy real option analysis. Accepted to International
Journal of Mathematics in Operational Research.

• A patent licensing agreement is an important instrument used by firms
to generate revenues and to stabilize the existing market structure.
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From a real option analysis standpoint, the opportunity to out licence
at any time in the post-grant phase is likened to an American-styled
option. That is to say, the patent proprietor has the flexibility to
choose between the self-generated profit without licensing and weak-
ened monopoly benefits due to licensing plus the compensation gen-
erated through royalties. In Chapter 6, a fuzzy binomial model is
proposed to determine the inherent option to license. This chapter is
an extension of the following original article:

Paper 4 Xiaolu Wang. Patent valuation with a fuzzy binomial model,
in Fuzzy Systems (FUZZ), 2011 IEEE International Conference
on, pp. 579-583. IEEE, 2011.

Paper 5 Xiaolu Wang. Discovering the value of a patent licensing
opportunity with a fuzzy binomial model. Accepted to Fuzzy
Systems (FUZZ), 2015 IEEE International Conference.

2.2 Methodology

This dissertation presents the results of interdisciplinary research, which
borrows the skills and knowledge from both mathematical finance and oper-
ations research. In this section, I seek to give a flavour of the fundamentals
underlying and the scope of each discipline first before incorporating them
and thereby accentuating the theoretical positioning of this dissertation.

2.2.1 Mathematical finance

Fundamentally, mathematical finance is nothing but the modelling of risky
asset prices; hence, it is generally agreed that mathematical finance was
born at the outset of the twentieth century when Louis Bachelier presented
his doctoral thesis named Théorie de la sṕeculation [7] in 1900, in which he
introduced Brownian motion as a model for stock prices [41]. However, it
was not until 1965 that Samuelson [83, 82] recounted and improved upon
Bachelier’s work by first pointing out that his model fails to ensure that
stock prices always be positive and then introducing what has now become
the standard model, the geometric Brownian motion. It is important to note
that a large number of ground-breaking results with regard to mathematical
and economic theories were also published within the same period, such as
(see, e.g., Jarrow and Protter [41] for a complete chronicle of mathematical
finance and stochastic integration), which together formed the foundation
and paved the way for the discoveries of the most famous Black-Scholes
formula and the binomial model.
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Application 2: fuzzy real option analysis in valuing a patent licensing opportunity

Figure 2.1: Structure of the dissertation
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It is largely accepted that the opening of the world’s first option ex-
change (i.e., Chicago Board Options Exchange) in 1973 and the publication
of the eponymous formula by Black, Scholes and Merton [11] in the same
year marked the birth of the financial derivatives market, which has now
evolved into an industry that encompasses a bewildering variety of complex
financial instruments and stands at the centre of modern global economic
development. Our focus, however, is limited on the basic options that lie
at the heart of any other exotic derivatives. An option, which is one of the
most popular derivatives contracts deriving their value from an underlying
asset or index such as a stock or interest rate, endows its holder with the
right, but not the obligation, to buy or sell a certain amount of underlying
assets at or before a specific date for a predetermined price. In particular, a
call option gives its owner the right to buy, and a put option gives its owner
the right to sell, at the fixed strike price; an option is labelled as European
if it can only be exercised at maturity, while an option is American if it can
be exercised at any time up to the maturity date.

The problem of option pricing is to determine the fair price to which
both the option buyer and seller (i.e., the writer) would logically agree at
a given time (e.g., at time zero). In other words, the option price could be
considered as the premium, or loosely speaking, the “entry fee” [25], the
buyer must pay to the seller in exchange for the right granted by the option;
on the other hand, the writer of the option trades in the market, by using the
premium as capital, so as to fulfil the later payment obligation and at the
same time mitigate the exposure to fluctuation. In practice, a mathematical
model is not a requisite in determining the prices of exchange-traded options
as they are publicly quoted. Over the counter (OTC) options, however, are
not closely regulated and are negotiated on a case-to-case basis. As a result
of the varying features of OTC options, their prices are not publicly quoted
and a model is required for their pricing.

A simple yet powerful option pricing model is the binomial model, which
was coined by Cox, Ross and Rubinstein [19] in 1979 and has played “a
decisive role in the development of the derivative industry and its easy im-
plementation has given analysts the ability to price a huge range of financial
derivatives in an almost routine way” [21]. Briefly speaking, the binomial
model assumes the asset price S(t) follows a random walk. That is, after
one period of time ∆t, the asset price S(t+∆t) will either move up to uS(t)
or move down to dS(t) with u and d being the jump factors. For a multi-
plicative n-period binomial process, the value of a European call option is
given as

C = R−n
n∑
j=0

(
n

j

)
pj(1− p)n−jmax(ujdn−jS −X, 0),
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where
(
n
j

)
= n!

j!(n−j)! is the binomial coefficient, R = er∆t, r is the risk-free
interest rate, p and 1 − p are the risk-neutral probabilities and X is the
strike price. If we define k to be the smallest non-negative integer such that
ukdn−kS ≥ X, the above equation could be simplified as

c = SΨ(n, k, p′)−XR−nΨ(n, k, p),

where p′ = up
R and Ψ is the complementary binomial distribution function

defined as

Ψ(n, k, p) =
n∑
j=k

(
n

j

)
pj(1− p)n−j . (2.1)

As the period of time ∆t approaches to zero, the price of the n-period
European call option given in 2.1 tends to the classic Black-Scholes formula

C = SΦ(d1)−Xe−rTΦ(d2)

where

d1 =
ln
(
S
X

)
+
(
r + σ2

2

)
T

σ
√
T

,

d2 = d1 − σ
√
T .

It is important to point out that a lot more has been left out of this subsec-
tion than has been included. For example, much detailed work is skipped
in the above derivation and, as a matter of fact, the Black-Scholes formula
could be derived by multiple methods (see, e.g., Dana and Jeanblanc [20]).

As was noted, an option, or any derivative security, is essentially a con-
tract which pays tomorrow an amount that depends only on the asset price
tomorrow. Towards the end of the last century, the traditional contingent
claim analysis (as a generalization of the option pricing theory) started to be
applied to non-traditional underlying assets (also known as the real assets),
which gradually formed a new research discipline named real option analy-
sis. Dixit and Pindyck [23] brought real options to the attention of nearly
every economist and set the scientific foundations of this field. Ever since
then, real option analysis has been popularized by business publications and
valuation texts (see, e.g., Copeland and Tufano [18], Smit and Trigeorgis [87]
and Trigeorgis [92]). For example, the theory of real option has been applied
to corporate decision making concerning R&D investments, Venture Capital
(VC) funding, real estate development, facilities planning and construction
in cyclical industries, operations in natural resource industries, just to name
a few. From a mathematical finance standpoint, most of the aforementioned
fields have incomplete markets, in which hardly any market prices are avail-
able for the underlying assets, such prices do not necessarily follow geomet-
ric Brownian motion, and investments exercised by one firm will affect the
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market value of the option for other firms (also known as the feedback effect
[22]). As a result, the application of probability and stochastic process the-
ory which proves efficient in making choices and decision under uncertainty
in financial market trading could not be simply replicated in pricing real
options. The area of mathematics that finds its natural application in real
option analysis is fuzzy set theory, which is capable of modelling the effects
of not only monetary factors but also non-monetary (qualitative) aspects of
a project, such as legal, political and human factors which are left out of
the traditional option pricing models.

2.2.2 Operations research

Briefly speaking, operations research (or operational research) is a disci-
pline that helps executives make better decisions and build more productive
systems by using analytical techniques such as mathematical modelling. A
formal yet concise definition is given by the Operational Research Society
of Britain (as cited in [33]) as follows:

Operational research is the application of the methods of sci-
ence to complex problems in the direction and management of
large systems of men, machine, materials and money in industry,
business, government and defence.

As was discussed in the previous chapter, the need for patent valuation is
prompted by the ever-broadening set of strategies for patent exploitation.
For example, IPR managers need to know the value of their patents when
determining royalty rates for licensing agreements, patents and other tech-
nology assets play an important role in decision makings about potential
merges and acquisitions, and financial institutions value patents when they
are used as collateral for loans [42]. Therefore, the essential purpose of
patent valuation is to facilitate decision making, which corresponds to the
aim of operations research.

The root of operations research could be traced back to the Second World
War, and its practice was initially seen when the Allies’ engineers were de-
ployed to study the effects of the location of radar stations on detection
efficiency and to optimize the distribution of maintenance personnel [80].
The success of operations research in the war, which was also witnessed in
the warfare against German U-Boat fleet and in strategic bombing, effort-
lessly spurred intense interest in introducing it to a variety of non-military
organizations in business, industry and government in the post-war phase,
and the developed mathematical models accompanying its evolution have
been applied to a wide range of problems ever since. Applications of these
mathematical models are to the transportation and assignment problems,
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inventory analysis, queuing systems, capital budgeting, financial engineer-
ing, just to name a few.

It is worth noting that the scope of modern operations research has
reached and overlapped with a number of other disciplines and that appli-
cations may be found for its techniques and models in almost every branch
of human knowledge [37]. It therefore would be very difficult to justify
if a specific problem lies in the domain of operations research or others.
Among the disciplines infiltrated by operations research (or subdisciplines
of it) is probabilistic modelling, which has been prevailing in dealing with
decision making problems in the face of uncertainty, such as in pricing fi-
nancial derivatives (see e.g., [25, 56]). As a result of the increased awareness
that probability theory is less than adequate to model uncertainty caused
by incomplete states of knowledge (or partial ignorance), a number of non-
probabilistic models of uncertainty have been introduced, among which are
fuzzy set theory and possibility theory, which have played a fundamental
role in decision analysis and have been successfully applied to a variety of
operations research topics, such as fuzzy optimization, preference modelling
and fuzzy game theory (see e.g., [95, 37, 86]). Another popular research
discipline which is also related to operations research is that of real option
analysis. Indeed, real option analysis, which is an application and extension
of financial option pricing theory to the valuation of investment in real as-
sets (i.e., permanent, fixed or immovable assets) in the face of uncertainty,
conceptualizes and quantifies the economic potential (i.e., the value of real
options) derived from active management, assists value-maximizing firms in
making the best decisions, and hence serves as a “mental model” [17] for
strategic and operational decision-making.

2.2.3 Theoretical positioning of this dissertation

It should be clear by now that this dissertation could be placed at the
intersection of mathematical finance and operations research (see Figure
2.2). As its name implies, operations research adopts a procedure which
bears a striking resemblance to the way “research” is conduced in established
scientific fields. An additional characteristic of operations research, as was
explicitly implied in its definition given above, is its organizational point
of view. Therefore, the process of problem solving through the means of
operations research ought to be interactive-oriented, that is to say, whatever
model is adopted must provide understandable and verifiable solutions to
decision makers. Accordingly, the process could be broken down into the
following phases [38, 13, 60]:

1. Observing and investigating the real world situation, and collecting all
relevant information and data.
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Figure 2.2: Problems addressed by disciplines related to my dissertation

2. Abstracting the essence of the problem of concern; constructing a
mathematical model which ought to be capable of addressing it in
a clear and concise fashion, that is, a model being a sufficiently precise
representation of the essential features of the situation (including the
consideration of the preferences of the decision maker), taking in and
returning all the necessary information to solve the problem.

3. Solution of the model and identification of other approaches that ad-
dress the same problem.

4. Validation of the obtained solution and modification of the proposed
model if decision makers are not satisfied with, for example, the results
under real data or internal workings of the mathematical model (see
e.g., [26, 52]).

5. Implementation of the solution.

Within the framework given above, this dissertation involves the first three
points of activities. In particular, the barriers impeding the adoption of con-
ventional patent valuation methods are unveiled in the introductory chapter;
Chapters 3 and 4 abstract the essence of the real obstacles and propose two
techniques as solutions; Chapter 5 and 6 construct the mathematical models
and test them with real world cases.
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Chapter 3

Fuzzy set theory in patent
valuation

As was discussed in the introductory chapter, the illiquidity and inefficiency
of the patent market, together with the rarely published quantitative data
regarding patent transactions, urge the IPR managers to consult and rely
heavily on other patent practitioners such as inventors, patent engineers,
patent attorneys and marketing personnel when faced with patent valua-
tion or patenting decision making tasks. The above patent experts will
correspondingly leverage their expertise and give their own estimate on the
future economical benefits the subject patent could generate, ideally in mon-
etary terms. For example, inventors are capable of providing an incompa-
rable insight into the technological superiority of the innovation asset under
protection over similar technologies. Patent engineers, who are typically
responsible of conducting patent search, overseeing patent landscape, filing
for patent application and maintaining patent database, possess a better
awareness of the possible patent scope and its complementarity with the ex-
isting patent portfolio. Patent attorneys legally represent patent applicants,
proprietor and opponents before the official patent-issuing authorities such
as EPO and WIPO, and therefore have better foresight of possible patent in-
fringement and its effects. Market consultants and business experts leverage
their knowledge and experience to perform a market due diligence, which
includes identifying the market and predicting the market share of the tech-
nology asset. Such consultants and business experts also assess the potential
benefits from IPR-oriented business such as licensing and selling the patent,
and other economic benefits resulting from the exploitation of the technol-
ogy, which include greater efficiency in production, improved quality, and
lessened environmental and safety hazards. Patent brokers work closely with
the above professionals and take care of identifying the appropriate patent
licensees.
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Although it is arguably true that the wider the net of professionals, the
more reliable the result of the valuation would be [9], one of the intrinsic
factors behind a reliable and accurate valuation of the subject patent is
the manager’s ability to properly interpret, or rather quantify and aggre-
gate those individual evaluations. This is because it is inevitable that there
would exist significant perception gaps with respect to the potential econom-
ical benefits of the subject patent within such a sophisticated collaboration
network that combines expertises in the technical, business and legal areas.
For example, inventors normally underestimate the cost required to turn
their patents into marketable product due to their lack of business insight
[9] while patent attorneys tend to be more conservative on the potential of
their patents.

In addition to the substantial discrepancy among the aforementioned
professionals, there could exist great uncertainty within any individual eval-
uation. For example, in spite of his expertise, it would still be virtually
impossible for a well experienced patent engineer to give an absolutely ac-
curate and correct estimation on the future cash flows of any of his patents.
In most cases, he would be able to provide only an approximation, which,
based on his degree of confidence, could be given in the form of a single
number such as “the monopoly benefit of next year would be e500,000” or
a range of possible values such as “the monopoly benefit of next year would
be between e450,000 and e550,000”. Sometimes, the estimation is only
available in linguistic terms such as “the patent protected product would
be successful” or a linguistic value combined with describing modifiers such
as “the share of sales that is attributable to the patent protected technical
part is very significant”.

As was noted, there exist two levels of uncertainties which must be taken
into consideration when valuing a patent, or in other words, a trustworthy
patent valuation method must be capable of properly accounting for them.
Intuitively, to find such a tool requires first a closer examination on the
characteristics of the aforementioned types of uncertainties and a review of
the relevant uncertainty theory.

3.1 The nature of the uncertainty encountered in
patent valuation

3.1.1 A brief chronicle of the evolution of uncertainty theory

The work on the formalization of uncertainty has witnessed substantial de-
velopments since the beginning of the 20th century. They could be best
characterized as a transition from the traditional view of uncertainty, which
claims that “uncertainty is undesirable in science and should be avoided by
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all possible means” [46] and had prevailed prior to the 20th century, to the
modern view of uncertainty in which it is accepted that uncertainty is an
“unavoidable plague” [46] but has significant utility, and such developments
could be summarized into the following two major phases.

The first phase began in the late 19th century with the emergence of
statistical methods based upon probability theory, which were originally
developed to study physical processes at the molecular level, such as the
motions of gas molecules which the laws of classical mechanics (or Newtonian
mechanics) fail to account for, but also found utility in other fields including
actuarial science, econometrics, engineering, social science and so on (see
e.g., [47]). Generally speaking, contrary to classical mechanics which studies
the motion of an object characterized by a small number of interrelated
parameters, statistical methods have proved to be applicable to problems
involving a large number of variables each of which behaves in a highly
random manner, and the precision of statistical methods improves along
with the number of variables and their degree of randomness; probability
theory, which plays the same role as the calculus in classical mechanics
assuming definite and knowable attributes to subject matters, applies to
the analysis of the concomitant random phenomena or rather captures the
uncertainty.

Ever since the acknowledgement of statistical mechanics as a legitimate
scientific area and the accompanying recognition of uncertainty as a valu-
able commodity in systems modelling at the beginning of the 20th century,
probability theory had been considered as the only feasible theory to capture
any type of uncertainty until its dominance was challenged by several new
uncertainty theories which emerged at the second half of the 20th century.
Their emergence also marked the commencement of the second phase of
the transition from the traditional view of uncertainty to the modern view.
Among all those new theories is fuzzy set theory introduced by Lotfi Zadeh
[98], whose subjects, namely fuzzy sets, are sets with blurred boundaries in
contrast to classical sets the belonging of an object to which is a precise
concept. In other words, a given object does not necessarily belong to or
reside outside a fuzzy set strictly, but is allowed to belong to it to a degree.
Fuzzy set theory therefore serves as a generalization of classical set theory.
The most profound contribution of such a generalization to the theory of
uncertainty is that it challenged probability theory as the “sole agent” [46]
for any type of uncertainty, or rather it enlarged significantly the framework
of formalizing uncertainty and manifested that probability theory is only
applicable to one of several distinct types of uncertainty. For example, the
capability of fuzzy sets to convey gradual, rather than abrupt, transitions
from membership to non-membership and vice versa enables us to scientif-
ically depict the vagueness prevailing in natural languages, which classical
two-value logic upon which probability theory is based is inadequate for.
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3.1.2 Selecting the appropriate uncertainty theory for patent
valuation

Ever since the emergence of fuzzy set theory, there have been such heated
debates as if fuzzy set theory is subsumed under probability theory or vice
versa, and if any task that could be done with fuzzy set theory could be
equally well or better performed with probability theory. In this thesis,
however, it will be argued that this is not a matter of one theory being
superior to the other, and that the choice of the appropriate uncertainty
theory should always be context dependent.

However, the direct comparison between fuzzy set theory and probabil-
ity theory has proved to be difficult, and such difficulty could be imputed
to the lack of unique definitions of fuzziness and the selection of aspects
(mathematical, semantic, linguistic, etc) with respect to which they shall
be compared [102]. Therefore, I have chosen to examine the two theories
from a usability perspective, that is, to look into the cause of each distinct
type of uncertainty and define the set of problems to which fuzzy set theory
and probability theory are applicable, respectively. It is hoped that such a
clarification could also shed some light on the optimal uncertainty theory
for patent valuation.

Types of uncertainty

As was discussed earlier, in light of the recognition of uncertainty as being
ineluctable but useful, there have been tremendous research efforts devoted
to the development of tools for modelling uncertainty. However, a general
definition for uncertainty with unanimous approval is still missing, which
could be partially imputed to the fact that uncertainty itself is an exceed-
ingly broad concept and a somewhat vague term. Correspondingly, there is
not a unique way of classifying uncertainty either. Among the various clas-
sification standards for uncertainty, I have chosen to present in the following
discussion the Knightian distinction and the objective/subjective distinction
for their generalities.

In his renowned and influential work, Frank Knight [49] categorized fu-
ture outcomes into the following three groups:

• Outcomes to which mathematical probability could be assigned a pri-
ori, such as the coin-toss game whose outcome could be modelled by
the Bernoulli distribution.

• Outcomes which could be grouped and the expected outcome of this
group as a whole could be determined through sufficient historical
data. For example, while the probability that an arbitrary male aged
between 20 and 30 in a specified population is of a particular height
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could not be determined a priori, it is possible to estimate the prob-
ability that he is at least 6 feet tall with, for instance, a log-normal
distribution.

• Outcomes which could not be grouped and whose likelihood could
not be determined from historical data. In other words, a full-fledged
probabilistic modelling is not possible.

Knight categorized the first two groups as a priori probability situations
and statistical probability situations, respectively, and named them risk as
a whole; to contrast with the characteristics of the first two groups, he
also labelled the last group as uncertainty. Knight further claimed that the
instances falling under uncertainty are “so entirely unique that there are
no others or not a sufficient number to make it possible to tabulate enough
like it to form a basis for any inference of value about any real probability”
[49]. Clearly, the uncertainties encountered in valuing a patent fall under
the categorization of “uncertainty” according to the Knightian distinction.

A great deal of effort has been devoted to studying the nature of un-
certainties and the manner in which they should be dealt with in the post-
Knight phase (see e.g., [76, 63]). Despite the great discrepancies among the
definitions of uncertainty in the literature, it has been generally agreed that
uncertainty could be classified into at least two major categories based on
their causes (see e.g., [24, 8, 39, 36, 45]). They are:

• objective (or aleatory) uncertainties which are subject to natural vari-
ability of observations, or rather inherent randomness,

• human-related, subjective interpretation of uncertainties (or epistemic
uncertainties) which depend on the quantity and quality of information
which is available to a human being about a system or its behaviour
that the human being want to describe, predict or prescribe [101].

The uncertainties pertaining to the first class are perceived to be nonde-
terministic in nature since they are attributed to the physical real systems.
It is therefore hardly possible to prevent or reduce them by enhancing the
underlying knowledge base [6]. A simple yet remarkable example of this
uncertainty type is again the coin-toss game, with the outcome of each toss
being strictly stochastic and unpredictable. Other problems or scenarios
involving randomness, which might not be explicitly recognizable, include
the measurement of the height of an adult male in a country, the grades
of high school students in a university entrance exam, the occurrence of
hurricanes in China South Sea at a future date and weather forecasting in
which the randomness stems from the nonlinearity of the flow interactions
in atmosphere and ocean [75].
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It is believed that uncertainties of the second class are by far more preva-
lent in real-world phenomena (see e.g., [93, 46, 48, 102]) and one would
expect to find an appropriate definition of this type. Nevertheless, I have
failed to unearth any well-established or accustomed definition, but rather
discovered inconsistent and even contrary views towards their characteristics
in the literature. For example, Dubois [24] describes them as being “totally
deterministic but anyway ill-known”, while Weaver [93] argues that they
are “usually nondeterministic, but not as a result of randomness that could
yield meaningful statistical averages”. Despite the disagreement between
determinist and indeterminist, they all tend to support the claim that epis-
temic uncertainties are highly related to the behavioural aspects of decision
making and are usually witnessed whenever human judgement, evaluation
or reasoning is crucial to the system under consideration and there exists a
lack of complete knowledge on its variables. A more intuitive, although not
rigorous, explanation for the emergence of epistemic uncertainties is, when
the limit in data or understanding precludes the calculation of the statistical
properties of an uncertain quantity, it is logical to turn to experts for their
professional opinions, which will inevitably involve inaccuracies, omissions
or even biased judgements. Such imprecision is usually referred to as epis-
temic uncertainty and has also been labelled as subjective uncertainty [6].
Kiureghian and Ditlevsen [45] also distinguish epistemic uncertainties from
aleatory uncertainties by arguing that it is possible to reduce the former by
gathering more data or by refining models, while it is not for the latter.

Subjective uncertainties could be further categorized into a few sub-
classes according to the causes they arise from:

• Lack of knowledge is one of the most frequent causes of subjective
uncertainty. Such uncertainties are usually inherent in situations in
which one does not have any information regarding which one of the
possible states of world will happen [101]. As a result of the knowledge
deficiency, one might be able to acquire only interval-valued informa-
tion or an approximation, that is to say, some sort of measurement
uncertainties (i.e., imprecision) would be inevitable. It is important to
emphasize that uncertainties caused by lack of knowledge are different
from those stemming from the circumstances in which one is equipped
with a complete probability distribution of the possible outcomes but
does not know which one is correct, such as the coin-toss game dis-
cussed earlier in which the probability of a head and the probability of
a tail are known to be identical assuming the coin is fair. Such distin-
guishment coincides with the Knightian distinction discussed above,
which differentiates between risk and uncertainty by arguing that it is
possible to derive a distribution of future outcomes when the former
is present, while it is not when the latter is reigning.
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• Subjective uncertainties also stem from the limited ability of human
being in perceiving, processing and developing on the available (objec-
tive) information. Such vulnerability is best manifested by the vague-
ness inherent in natural languages, which is usually witnessed in the
descriptions of the semantic meaning of phenomena, events, belief and
so forth, and is pervading our daily communications. For example,
such vagueness would occur when linguistic variables are involved. In
contrary to numerical variables which take numerical values, the val-
ues of a linguistic variable are words, phrases or sentences in natural
or artificial languages [12]. The word age is a typical linguistic vari-
able whose linguistic values include young, adult, middle-aged, aged,
old and so on. However, such values (or labels) cannot be charac-
terized precisely; no sharp boundaries exist to distinguish between
them; the context (observer’s educational and culture backgrounds,
social environment, etc) has great influence on their meanings. The
resulting vagueness is also referred to as “intrinsic fuzziness” [81], and
such vague proposition as “John is a young man” is known as a fuzzy
event. Similar vagueness is also visible in other circumstances, such
as in linguistic modifiers (fairly, very, extremely, etc), and in fuzzy
probabilities conveyed through, for instance, likely, unlikely, probably,
possibly, and so forth.

It needs to be clarified that the classification demonstrated above is by
no means intended as exhaustive or exclusive, and the embedded uncer-
tainty found in a real-world phenomenon could be derived from more than
one source or even interpreted as heterogeneous uncertainty (i.e., a mixture
of objective and subjective uncertainties). Additionally, it is of little prac-
tical significance to determine whether a particular uncertainty belongs to
the objective uncertainty category or the subjective uncertainty category
without defining the context, and these concepts make unambiguous sense
only if the system (i.e., physical reality, socioeconomic systems, man-made
systems, etc [101]), whose behaviour human being wants to understand and
predict, and the quality and quantity of whose emitted information or data
determine the characterization of the embedded uncertainty, is made ex-
plicit [45]. Once the object and purpose of study are ascertained, it rests
with the observer to make the pragmatic choice of uncertainty class for the
addressed uncertainty, and his decision should always be conditional on the
degree of scientific knowledge he possessed and on the quality of quantity of
the information he has access to.

It should be clear by now that at least one of the two levels of un-
certainties encountered in patent valuation fall under the categorization of
subjective uncertainty, that is, the uncertainties embedded in expert judge-
ments at the individual level which are incurred by the scarce quantitative
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data regarding patents and patent transactions, and patent experts’ lim-
ited ability to process and develop on the available scientific evidence. The
other level of uncertainties, arising from the interpersonal disagreements,
arguably fall into the subjective category too. As was noted, such disagree-
ments mainly result from the experts’ different technical interpretations of
the same phenomenon. It is noticeable that poor data availability and their
motivational biases could also influence the existing discrepancies. For in-
stance, the limit in data would prolong the procedure for experts to reconcile
or preclude them from reaching a consensus at all; they might have direct
or indirect stakes in the outcome (e.g., the outcome could influence their
income, reputation or even career) and hence their judgements might reflect
their motivational biases [63].

The choice of uncertainty theory

The taxonomy of uncertainty reached above would logically suggest the un-
certainty theory chosen for the depiction of an uncertain phenomenon be
homogeneous as to the features of the phenomenon, that is to say, the choice
of uncertainty theory be dependent upon the characteristics of the inherent
uncertainty. However, this seemingly intuitive judgement did not receive
much support until the 1960s, before which the view that probability theory
is the only feasible theory to capture any type of uncertainty had been pre-
vailing. Warren Weaver’s well-known paper [93] is largely believed to be one
of the pioneering works which addressed this issue. In his work, he initiated
a trichotomy of scientific problems and argued they could be classified into
one of the following categories:

• Problems of (organized) simplicity: mostly physical science related
problems which have a very small number of variables that are inter-
related in a predictable manner, and which could be sufficiently dealt
with by the calculus.

• Problems of disorganized complexity: such problems are the other
extreme compared to the problems of simplicity, that is to say, they
usually involve a large number of variables, each of which behaves in
an erratic or totally random manner; despite the unknown behaviour
of individual variables, the average properties of the system as a whole
could be obtained with the methods of statistical mechanics.

• Problems of organized complexity: the vast majority of real-world
problems fall under this middle region, whose members are typically
nonlinear systems with a considerable number of variables; such prob-
lems are “organized” in the sense that, in contrast to the “disorga-
nized” situations whose statistical averages are attainable, their vari-
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ables share rich interactions which are not random in nature and hence
additional methods to statistical techniques are required.

It could be inferred from Weaver’s categorization that objective uncer-
tainties as depicted earlier could be effectively measured by probability the-
ory, which is also supported by substantive literature that followed Weaver’s
work (see e.g., [46, 102]). The applicability of probability theory to model
subjective (i.e., epistemic) uncertainties, however, remains vague and thus
requires further examination. As was claimed by Paté-Cornell [76], an un-
avoidable and difficult problem in dealing with epistemic uncertainties is
“the encoding of probability distributions based on scientific evidence and
expert judgements”.

As was discussed earlier, subjective uncertainties could be caused by
knowledge deficiency, and when lack of knowledge is at stake, an exact
description of the system under consideration is usually not possible and
sometimes only interval-information is available. For example, with proba-
bility theory or rather the Aristotelian two-value (classical) logic upon which
probability theory is based, the earlier estimation on the monopoly benefits
of a patent could only be manifested as a bounded and closed (or open) in-
terval of [450, 000, 550, 000] (or (450, 000, 550, 000)), which strictly rules out
any other possibilities. However, does this mean that 449, 000 or 550, 001 is
not a feasible estimate? This is clearly unrealistic as 1 Euro hardly seems
to be a distinguishing quantity. The vulnerability of probability theory to
subjective uncertainties could be further exemplified by its inefficiency in
measuring linguistic values, not to mention linguistic values combined with
describing modifiers which prevail in human language. As was discussed at
the beginning of this chapter, linguistic values are commonly adopted by
patent agents to reflect their imprecise estimation on the future cash flows
of their patents, such as “the share of sales that is attributable to the patent
protected technical part is significant”. In order for the term significant
to covey the desired introduction of vagueness, it is clearly not rational to
assign 100% to its contribution to the overall sales. It is also safe to rule out
any percentage that is smaller than 40%. Some intermediate states such as
those between 50% and 70% are acceptable. But again, where should we
draw the line? If 70% could be accepted, is 71% not significant? If 71% was
considered significant since 1% hardly makes an essential difference, could
the same logic be applied to all the numbers that follow? If it could, it
would eventually result in the acceptance of all the percentages larger than
50% as significant. Then how could we discriminate significant from very
significant in percentage terms?

From our previous discussion, we could argue that classical set theory
and two-value logic upon which probability theory is based seem to be less ef-
ficient in measuring subjective uncertainties, or at least in measuring patent
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valuation-related uncertainties. What is needed instead is a generalization of
the classical set theory which abolishes the sharp and unambiguous bound-
aries, allows degree (or grade) of belonging and hence facilitates a gradual
transition from membership to non-membership. This is, as a matter of fact,
precisely the fundamental of fuzzy set theory. As was claimed by Zadeh,
fuzzy set theory illustrates obvious superiority in dealing with vague con-
ceptual phenomena as ”such a framework provides a natural way of dealing
with problems in which the source of imprecision is the absence of sharply
defined criteria of class membership rather than the presence of random
variables” [98]. The applicability of fuzzy logic, as contrasted with classical
(two-valued) logic, could be arguably extended to the formalization of all
subjective uncertainties. Recall that it is claimed earlier in this chapter that
subjective uncertainties could be categorized into at least two subclasses ac-
cording to their causes, which are lack of knowledge and the limited ability
of human being in perceiving, processing and developing on the available
information. Fuzzy logic, if viewed as a formal mechanization of human ca-
pabilities, is capable of formalizing, first, “our capability to converse, reason
and make rational decisions” in an environment of imperfect information,
and second, “our capability to perform a wide variety of physical and mental
tasks without any measurements and any computations” [100].

3.2 Fuzzy sets, fuzzy numbers and arithmetic op-
erations on fuzzy numbers

Fuzzy set theory, which was invented as an extension of the classical set
theory and dual logic, weakens their yes-or-no or rather precise and crisp
restriction. As was discussed earlier, it has proven to be useful in the mod-
elling of real systems, which are usually so complex that it is not possible
for a human being to give a complete description of them or make any pre-
cise and yet significant statement about their behaviours [99]. For example,
the applications of fuzzy set theory have been witnessed in control engineer-
ing, expert systems, artificial intelligence, robotics, management science, etc
[102]. In the rest of this chapter, the elements of fuzzy set theory will be
introduced.

3.2.1 Basic definitions

Definition 3.2.1 A fuzzy set Ã defined in a crisp set X is a set of ordered
pairs, in which the first element is taken from X and the second element is
a value in [0, 1]. That is,

Ã =
{(
x, µ

Ã
(x) |x ∈ X

)}
.
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µ
Ã

is the membership function (generalised characteristic function) which
maps X to the membership space [0, 1]. That is,

µ
Ã

: X → [0, 1] .

It is important to point out that the membership function of a fuzzy set
Ã could also be denoted by the symbol of the fuzzy set, namely Ã. The
double use of the symbol, however, should result in no ambiguity as each
fuzzy set is “completely and uniquely defined by one particular membership
function” [46]. In this thesis, each fuzzy set and the associated membership
function will be represented by the same capital letter with tilde.

Definition 3.2.2 A fuzzy set Ã is convex if

Ã (λx1 + (1− λ)x2) ≥ min
{
Ã (x1) , Ã (x2)

}
,

where x1, x2 ∈ X and λ ∈ [0, 1].

In many real-life scenarios people inevitably use linguistic terms rep-
resenting approximate values of a variable to characterize imprecise or in-
complete numeric information. For example, it is very common to see such
terms as “about 100 kilos”, “approximately 5 minutes”, “1.5% more or less”
and “significantly more than 1 million”. All these ambiguous expressions
are examples of what are called fuzzy numbers, i.e., numbers representing
imprecision. Formally speaking:

Definition 3.2.3 A fuzzy number Ã is a convex fuzzy set defined on the
real line R such that

• There exists an x ∈ X such that Ã (x) = 1 (i.e., Ã is a normalized
fuzzy set).

• Ã (x) is piecewise continuous.

Two of the most commonly used fuzzy numbers, namely triangular fuzzy
number and trapezoidal fuzzy number, are defined as follows:

Definition 3.2.4 A fuzzy set Ã is called triangular fuzzy number with peak
a, left width α > 0 and right width β > 0 if its membership function has the
following form

Ã (x) =


1− a− x

α
if a− α ≤ x ≤ a

1− x− a
β

if a < x ≤ a+ β

0 otherwise.

It will be denoted by Ã = (a, α, β).

43



M
em

be
rs

hi
p

M
em

be
rs

hi
p

(a) a crisp number 10 (b) a triangular fuzzy number 
representing the notion

"close to 10"

0

1

10 108 120

1

Figure 3.1: A comparison of a crisp number with a triangular fuzzy number

Definition 3.2.5 A fuzzy set Ã is called trapezoidal fuzzy number with tol-
erance interval (or core) [a, b], left width α > 0 and right width β > 0 if its
membership function has the following form

Ã (x) =


1− a− x

α
if a− α ≤ x < a

1 if a ≤ x ≤ b

1− x− b
β

if b < x ≤ b+ β

0 otherwise.

It will be denoted by Ã = (a, b, α, β).

Intuitively, a triangular fuzzy number with peak a could be used to
represent such a vague concept as “x is approximately equal to a”. In a
similar manner, a trapezoidal fuzzy number with tolerance interval [a, b]
could be seen as a vague concept “x is approximately in the interval [a, b]”
[28]. Figures 3.1 and 3.2 illustrate a triangular fuzzy number Ã = (10, 2, 2)
and a trapezoidal fuzzy number B̃ = (9.5, 10.5, 1.5, 1.5), respectively, and
their comparison with a crisp number 10 and a crisp interval [9.5, 10.5].

Some other important definitions are given as follows:

Definition 3.2.6 The support of a fuzzy set Ã is the crisp set of all x ∈ X
such that Ã (x) > 0.

Definition 3.2.7 A γ-cut (or a γ-level set) of a fuzzy set Ã defined in X
is the crisp set of elements in X which belong to the fuzzy set Ã at least to
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the degree of γ. That is

[Ã]γ =

{ {
x ∈ X|Ã (x) ≥ γ

}
if γ > 0

cl(supp(Ã)) if γ = 0,

where cl(supp(Ã)) denotes the closure of the support of Ã.

It is easy to verify that the γ-cuts of a triangular fuzzy number Ã =
(a
Ã
, α

Ã
, β
Ã

) are

[Ã]γ =
[
a
Ã
− (1− γ)α

Ã
, a

Ã
+ (1− γ)β

Ã

]
for all γ ∈ [0, 1],

and the γ-cuts of a trapezoidal fuzzy number B̃ = (a
B̃
, b
B̃
, α

B̃
, β
B̃

) are

[B̃]γ =
[
a
B̃
− (1− γ)α

B̃
, b

B̃
+ (1− γ)β

B̃

]
for all γ ∈ [0, 1].

3.2.2 Arithmetic operations on fuzzy numbers

A variety of methods exist for arithmetic operations on fuzzy numbers. In
this thesis, they are defined in terms of arithmetic operations on their γ-
cuts. Such a choice is prompted by the fact that a fuzzy number could be
completely represented by its γ-cuts and that arithmetic operations on γ-
cuts are essentially arithmetic operations on closed intervals which are well
defined and easy to implement. In other words, fuzzy arithmetics in terms
of γ-cuts is applicable to all types of fuzzy numbers and the corresponding
results are also fuzzy numbers (see e.g., [46]) for more details on and other
methods of arithmetic operations on fuzzy numbers).
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Let Ã and B̃ be two fuzzy numbers. Without loss of generality, their
γ-cuts could be simplified as

[Ã]γ = [a, b] ,

[B̃]γ = [c, d] .

The four basic arithmetic operations on Ã and B̃ are defined in terms of
[Ã+ B̃]γ , [Ã− B̃]γ , [Ã · B̃]γ and [Ã/B̃]γ , which are:

[Ã+ B̃]γ = [Ã]γ + [B̃]γ

= [a+ c, b+ d] ,

[Ã− B̃]γ = [Ã]γ − [B̃]γ

= [a− d, b− c] ,
[Ã · B̃]γ = [Ã]γ · [B̃]γ

=
[
min (ac, ad, bc, bd) , max (ac, ad, bc, bd)

]
,

and, provided that 0 /∈ [c, d] for all γ ∈ [0, 1],

[Ã/B̃]γ = [Ã]γ/[B̃]γ

= [a, b] · [1/d, 1/c]

=
[
min (a/c, a/d, b/c, b/d) , max (a/c, a/d, b/c, b/d)

]
.

It is worth pointing out that the addition and subtraction of trapezoidal
fuzzy numbers could be equivalently formulated as follows:

Ã+ B̃ =
(
a
Ã

+ a
B̃
, b
Ã

+ b
B̃
, α

Ã
+ α

B̃
, β
Ã

+ β
B̃

)
, (3.1)

Ã− B̃ =
(
a
Ã
− b

B̃
, b
Ã
− a

B̃
, α

Ã
+ β

B̃
, β
Ã

+ α
B̃

)
. (3.2)

In a similar manner, the scalar multiplication of trapezoidal fuzzy numbers
is defined as follows:

λÃ =

{ (
λa

Ã
, λb

Ã
, λα

Ã
, λβ

Ã

)
if λ ≥ 0(

λb
Ã
, λa

Ã
, |λ|β

Ã
, |λ|α

Ã

)
if λ < 0,

(3.3)

provided that λ ∈ R. Note that Equations 3.1 - 3.3 also apply to triangular
fuzzy numbers. In fact, a triangular fuzzy number, say Ã = (a, α, β), could
be legitimately considered as a trapezoidal fuzzy number of the form Ã =
(a, a, α, β).

3.2.3 Weighted mean value and weighted variance of fuzzy
numbers

Like real-valued random variables, the summary statistics including the
mean value, variance, covariance and correlation of fuzzy numbers could also
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be defined. In order to properly present these definitions, it is necessary to
introduce the possibility distribution. Very loosely speaking, a possibility
distribution could be interpreted by a fuzzy number in very much the same
manner as how a random variable is associated with a probability distribu-
tion. In other words, a fuzzy number could be treated as “a fuzzy value that
we assign to a variable, viewed as a possibility distribution” [69]. Formally
speaking, given a fuzzy number Ã, a variable X taking values in R and the
proposition “X is Ã”, the possibility of X = x for each x ∈ R is numerically
equal to the degree to which x belongs to Ã (i.e., the compatibility of x with
Ã), which is

πX(x) , µ
Ã

(x)

for all x ∈ R, where πX is the possibility distribution function associated
with X and µ

Ã
is the membership function of Ã [72]. Therefore, in the

following work, fuzzy numbers and possibility distributions will be used
interchangeably.

Interpreting fuzzy numbers as possibility distributions enables us to de-
fine the summary statistics of fuzzy numbers in terms of their counterparts
of the corresponding possibility distributions, which are defined on a uni-
form distribution on the γ-cuts of the possibility distributions, weighted
by an appropriately chosen real-valued function (i.e., a weighting function)
[29, 30, 60]. Recall that the probability distribution function of a continuous
uniform distribution with support [a, b] is

f(x) =


1

b− a
if a ≤ x ≤ b,

0 otherwise,

and its mean value and variance are (a+ b)/2 and (b− a)2/12, respectively.
In [29], the mean value of a possibility distribution Ã is defined as the

weighted average of the probabilistic mean values of the respective uniform
distributions on the γ-cuts of Ã, which is [Ã]γ = [a1(γ), a2(γ)] for all γ ∈
[0, 1]. Formally,

Definition 3.2.8 The f -weighted possibilistic mean value of Ã is

Ef (Ã) =

∫ 1

0

a1 (γ) + a2 (γ)

2
f (γ) dγ. (3.4)

In [30], the variance of a possibility distribution Ã is defined as the
weighted average of the probabilistic variances of the respective uniform
distributions on the γ-cuts of Ã. That is,

Definition 3.2.9 The f -weighted possibilistic variance of Ã is

Varf (Ã) =

∫ 1

0

(a2 (γ)− a1 (γ))2

12
f (γ) dγ. (3.5)
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Note that f(γ) in Equations 3.4 and 3.5 denotes the weighting function.
Formally speaking,

Definition 3.2.10 A function f : [0, 1] → R is called a weighting function
if

• f is non-negative and monotone increasing,

• and
∫ 1

0 f(x) dx = 1.

It is important to point out that the weight assigned to each level of the
γ-cuts of the fuzzy number varies along the weighting function used, and, as
was imposed in the above definition, f must be monotone increasing because
the higher the level of γ-cut (i.e., the larger the γ), the more the weight.

It is easy to see that f(x) = 2x is a natural candidate for the weighting
function as

∫ 1
0 2x dx = 1 and it is monotone increasing. The corresponding

f -weighted possibilistic mean value and variance of an arbitrary triangular
fuzzy number Ã = (a, α, β) have the following forms:

Ef (Ã) =

∫ 1

0

a1 (γ) + a2 (γ)

2
2γ dγ

=

∫ 1

0

[(a− (1− γ)α) + (a+ (1− γ)β)]

2
2γ dγ

= a+
β − α

6
, (3.6)

Varf (Ã) =

∫ 1

0

(a2 (γ)− a1 (γ))2

12
2γ dγ

=

∫ 1

0

[(a+ (1− γ)β)− (a− (1− γ)α)]2

12
2γ dγ

=
(α+ β)2

72
.

Similarly, given f(x) = 2x, the f -weighted possibilistic mean value and
variance of an arbitrary trapezoidal fuzzy number Ã = (a, b, α, β) have the

48



following forms:

Ef (Ã) =

∫ 1

0

a1 (γ) + a2 (γ)

2
2γ dγ

=

∫ 1

0

[(a− (1− γ)α) + (b+ (1− γ)β)]

2
2γ dγ

=
a+ b

2
+
β − α

6
, (3.7)

Varf (Ã) =

∫ 1

0

(a2 (γ)− a1 (γ))2

12
2γ dγ

=

∫ 1

0

[(b+ (1− γ)β)− (a− (1− γ)α)]2

12
2γ dγ

=
(b− a)2

12
+

(b− a)(α+ β)

18
+

(α+ β)2

72
.

3.3 Discussion

It has been explicated in the first half of this chapter how the uncertainties
underlying patent cash flow estimation differ from those subject to ran-
domness. That is, they are derived from subjective judgements which are
affected by the completeness of information and human being’s limited abil-
ity to perceive, process and develop on the available (objective) information,
and hence could also be labelled as subjective uncertainties. Since proba-
bility theory proves to be inefficient in modelling such human-related and
subjectively-interpreted uncertainties, the justification of fuzzy set theory
in particular fuzzy numbers for patent cash flow estimation has also been
provided. In the rest of this chapter, fundamental concepts regarding fuzzy
numbers and arithmetic operations on fuzzy numbers are elaborated. Par-
ticularly, a great emphasis has been put upon the summary statistics of
fuzzy numbers (i.e., weighted mean value and weighted variance of fuzzy
numbers). This is because, in our experience, most industrial practitioners
prefer single crisp numbers, and fuzzy mean value and variance are capable
of aggregating the imprecision inherent in results in a rigorous yet straight-
forward way.
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Chapter 4

Real option analysis in
patent valuation

It has been clearly demonstrated in our earlier discussion Chapter 1 that
the conventional discounted cash flow based patent valuation methods, such
as the income based approach, suffer from the rule of thumb of “one single
discount rate” for all the future cash flows and from their neglect of man-
agerial flexibility inherent in both the patent application process and the
patent exploitation. The decision tree analysis based methods, which build
in some of the value of flexibility encountered in a patent, still require the
appropriate depiction of the risk involved at each stage and accompanying
each “branch” of the decision tree (i.e., each type of alternatives). In prac-
tice, however, a constant discount factor is usually applied for the sake of
simplicity [79]. Additionally, the construction of a decision tree for a patent
which is subject to various decisions through its lifespan that could be up to
20 years is by no means easy. It is those aforementioned obstructions that
provide a motive for and fund research into applying real option analysis to
patent valuation.

4.1 Real option analysis as a means to account for
managerial flexibility

The field of real options originated from the realization that the high level of
discretion in strategic decision making (or managerial flexibility) endowed
with management, which allows them to discretionarily make necessary ad-
justments to adapt to any unexpected market condition, bears a striking
resemblance to financial options, and conventional valuation tools such as
DCF based techniques discussed earlier are vulnerable to such unexpected
market conditions and hence incapable of measuring those inherent real op-
tions.
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In contrast to a financial option which endues its owner with the right,
but not the obligation, to purchase or sell a predetermined amount of the
underlying financial assets at or before a specified future date for a spec-
ified price, a real option allows a manager to undertake certain business
initiatives, such as expanding, contracting, deferring or abandoning an un-
derlying capital investment project, and such managerial flexibilities could
be measured mathematically in the same way as their financial counterparts.
Accordingly, a investment opportunity could be considered as one or a series
of coexistent or successive real options on real assets. For instance, a lease
on a valuable land which grants its owner the right to construct a residential
lot on it resembles an American call option sharing the same term of validity
as the lease, with the corresponding underlying asset and strike price being
the present value of the potential revenues that could be generated either
from property rentals or outright sales, and the present value of the overall
investment outlay, respectively. In other words, the real option captures
the managerial flexibility available to the lease holder to wait until more
information arrives and uncertainty resolves, and make the investment on
the premise that the housing market is at its height, without bearing any
obligation to invest and incur losses under unfavourable market condition.

Real option analysis could also be applied to more complex cases, such
as a pharmaceutical research and development (R&D) project which usually
consists of several consecutive development phases, during which “the firm
gathers evidence to convince government regulators that it can consistently
manufacture a safe and efficacious form of the compound for the medical
condition it is intended to treat” [43]. Pennings and Sereno [77] studied the
compoundness of a drug R&D project available to a pharmaceutical firm
and argued that such an investment project could be considered as nested
compound (or growth) real options. That is to say, by committing to the
initial drug discovery the firm is implicitly granted an option to conduct the
subsequent pre-clinical testing (the testing would be approved only on the
premise that the drug discovery succeeds), its commitment to the second
phase would open up the option to enter Phase 1 clinical trials, the Phase
1 trails then act as an option on Phase 2 trails and so on until the ultimate
market launch.

As was discussed in Chapter 1, both the patent application process and
the subsequent patent exploitation (or commercialization) are subject to a
wide range of alternatives. To justify the feasibility of real option analysis
in the context of patent valuation, we shall first treat patent application and
patent exploitation as a unity, and then limit our focus to the application
process and post-grant phase of a patent, respectively.
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4.1.1 Patent application and patent exploitation

Recall that a patent, in contrast to a copyright, does not come into force
instantaneously when the underlying technology asset is created. A sophisti-
cated, sometimes time-consuming, application process must be gone through
in exchange for its grant and any potential economical benefit that could be
generated by exploiting the patent. It therefore makes perfect sense to apply
real option thinking to this sequential procedure. This is because, by com-
mitting oneself to the lengthy patent application, the applicant has in fact
acquired a right, but not an obligation, to make discretionary investment in
patent commercialization projects once the application is approved. As was
discussed in Section 1.1.2, the investor (e.g., the patentee and Technology
Transfer Office) could either choose to pursue the economic dividends by, for
instance, licensing the intellectual property or implementing the innovation
it protects, and incur any necessary investment cost and maintenance fee;
or simply let it lapse if the expected economic benefits do not seem to be
enough to compensate for the accompanying costs. Since the investor has
the right to run the project actively, this flexibility has value [77]. From
a real option analysis standpoint, such flexibility exhibits the similar com-
poundness as witnessed in the pharmaceutical R&D project discussed above.
That is, the commitment to one phase of the project offers an opportunity
to proceed to the next one and the advance is possible only if the preceding
phase succeeds. Therefore, a compound real option model could also be ap-
plied to a patenting decision making problem, with the underlying value of
the patent application project being the subsequent commercialization op-
tion (the second option). Correspondingly, the exercise price of the option
to file for the application (the first option) is the present value of the patent
application fees.

The above interpretation is clearly not unique. In certain circumstances,
an one-off investment is required at the beginning of the commercialization
phase and the size of the investment depends on the nature of the underlying
patent. For example, if a patent is granted on a revolutionary car manu-
facturing process, the implementation of such a patented innovation would
inevitably cause considerable capital outlay, and the commercialization of
the resulting product could be undertaken only if the implementation has
been completed. It is therefore a legitimate question whether it is profitable
to invest in the commercial project. From a real option analysis standpoint,
the opportunity to invest resembles a European call option, with the un-
derlying asset and exercise price being the present value of a claim on the
expected commercial profits and the commercialization costs, respectively,
and the patent application fees can be likened to dividend-like expenses be-
fore the option is exercised. Clearly, in the most general context, the task
of assessing a patent commercialization project boils down to the pricing of
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Figure 4.1: Capital outlays for patent application program and expected
cash flows from the follow-on commercial project (or patent exploitation)

a European option, in other words, the decision on investing in commercial-
ization simply rests with the value of this option.

Figure 4.1 exhibits the major capital outlays for a patent application
project and the expected cash flows from the follow-on patent commercial-
ization, in which CIi and COi stand for the expected cash inflows and cash
outflows at the ith year into the post-grant phase, respectively, assuming the
commercialization phase starts from year t, and K stands for the expected
one-off investment at the beginning of the commercialization.

4.1.2 Patent application as an asset

As was noted in Section 1.1.2, a patent applicant will be confronted with the
decision as to whether to continue or forego the application at several stages
in the process, regardless of which filing route he follows. Let us take the
EURO-PCT route as an example, an applicant has up to 12 months after
the priority date to file for foreign applications with the EPO for the purpose
of business expansion, he will subsequently face the decision on whether to
proceed with or withdraw the application in the light of the international
search report, the applicant may also request for an international prelim-
inary examination of the underlying application afterwards and decide on
the continuation according to the examination report. From a real option
analysis standpoint, each of these opportunities to proceed resembles a call
option, whose underlying asset and strike price are the option to continue
the application to the next stage (except the last one) and the correspond-
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ing cost of continuance (e.g., foreign application fees, cost of international
search and examination fees), respectively. Therefore, a patent application
project, with each stage contingent on those that precede it, could be valued
as a chain of call options (i.e., nested compound options), each of which is
exercisable by payment of the next requested fee. It should be noted that
the underlying asset of the final link (i.e., option) in the chain is the present
value of the expected future monopoly benefits from the underlying patent.

In addition to the options to proceed, an applicant could also abandon
the ongoing application at any aforementioned decision point and the right
to abandon resembles a put option with the exercising price being the as yet
unspent future application fees.

4.1.3 Post-grant phase of a patent

As was discussed in Section 1.1.2: Patent commercialization, the realization
of patents as financial assets has helped accelerate the transition of patent
exploitation strategy from the passive (i.e., defensive) one of using patents
merely as a prevention tool to obstruct competitors from developing rival
technologies or as a legal weapon against infringement, to the proactive
use of patents as alternative investment. For example, there is a common
tendency among firms to license out their patents to entitle others to do their
part in commercializing the benefits of the underlying technology asset and
collect license fees and royalties in return. Additionally, a patent could
be sold if the proprietor is pessimistic about its commercial promise and
convinced that the future monopoly benefits would not be adequate to meet
the maintenance costs. A patent could also be abandoned which allows its
holder to avoid incurring the fixed costs of continuance. Given the wide
variety of courses of action available to patent holders in the post-grant
phase, it would be of great interest to identify the types of options inherent
in a granted patent.

• As was noted above, patent licensing has been widely acknowledged
and adopted by firms performing in a innovation-driven industry as
a more effective means to reap economic profits from their intangible
assets than other types of mechanism including trade secret, increas-
ing complexity of product design and faster market introduction [64].
Accordingly, it has been argued that licensing outcomes have become
not only an important indicator for a firm’s (or a university’s) inno-
vation performance, but a measure for knowledge diffusion in society
[53, 64, 73]. From an economic perspective, it is therefore in every
patent applicant’s and patentee’s interest to realize, even before their
patents are granted, the enormous economic potential inherent in a
licensing opportunity. Real option based analysis serves as a natural

55



candidate for measuring such economic potential. Since the oppor-
tunity to license out a patent endows its proprietor a right to sell
the actual value of the patented innovation in exchange for certain
(i.e., licensing fee) and uncertain (i.e., royalties) cash flows, it could
be likened to an option to switch use [92]. To be more specific, the
option to license translates into the patent proprietor’s flexibility to
choose the maximum of self-generated revenues without licensing (i.e.,
income generated exclusively through patent monopoly), and licensing
revenues plus the lessened monopoly benefits as a result of the “rent
dissipation effect” [64] of licensing.

• Similar to the abandonment options embedded in a patent applica-
tion project, a patentee is endowed with the flexibility to permanently
abandon his patent at any stage into the post-grant phase before ex-
piry in exchange for its salvage value, which is equivalent to the as yet
unspent patent maintenance fees. From a real option analysis stand-
point, the opportunity to let a patent lapse resembles an American put
option which is exercisable up till the payday of the last maintenance
fee.

• As was depicted in the introductory chapter, even though a patent
could be kept in force for as long as 20 years (after the priority date)
in theory, it is bound to face a wide range of challenges to both its
validity and sustainability while it is being applied for and following
grant. Assuming an European patent application manages to survive
several rounds of sophisticated scrutiny and revisions and receives EPO
approval, the patentee still has to investigate its future profitability
and decide whether to keep it in force for another year on an annual
basis. By now, it should have become intuitive to you that whenever
one has the right to run a project actively, this flexibility has value,
and this rule also applies to the patent renewal decision. That is to
say, payment of a renewal fee for a granted patent buys not only the
monopoly profits of the coming year but an option on renewing the
patent at the end of the coming year which is exercisable by the next
renewal fee. That being the case, a granted patent could be treated
as a sequence of European call options on the following years benefits
including an option to renew.

4.2 Real option analysis as a means to account for
changing risk

We have seen in the introductory chapter that, in addition to its inefficiency
in accounting for managerial flexibility inherent in either patent application
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or patent exploitation, the adaptability of DCF based valuation approaches
to the context of patent is further hampered, or at least challenged, by
its limited aptitude in accounting for the changing risk associated with the
future cash flows expected throughout a patent’s life.

Real option analysis is capable of bypassing the problem of changing
risk with the construction of a replicating portfolio, which is comprised
of risk-free bonds, and a publicly traded security exhibiting the same risk
characteristics as the cash flows of the patent under consideration (i.e., the
twin asset in standard NPV analysis). By purchasing a certain number
of shares of this twin asset while financing the purchase by selling risk-
free bonds or borrowing at risk-free rate, a (replicating) portfolio could be
constructed so that it yields the same payoff as the patent at all times, and
thus has the same price. Accordingly, the same framework could also be
used to replicate any embedded real option in the patent.

A real option could also be determined with a risk-neutral valuation,
which is induced from the above replicating portfolio framework. Generally
speaking, option replication is capable of implicitly transforming the actual
scenario probabilities as seen in DTA which reflect investor’s attitude to
risk, to risk-neutral probabilities enabling all assets to be assessed in a risk-
neutral world in which risk is irrelevant, or in other words, investors are
indifferent to risk. Since investors’ attitudes to risk do not matter in such
a setup, all assets would earn the risk-free return and thus all expected
cash flows could be discounted at the risk-free rate. It therefore successfully
evades the intractable task of determining the appropriate discount rates
proportional to risks.

4.3 Discussion

It is hoped that the previous discussion has convincingly justified the ap-
plication of real option pricing methods to patent valuation and patenting
decision making. However, it is important to point out that the above ex-
emplification and interpretation of managerial flexibility in terms of real
options can by no means be said to be exclusive or complete, and there does
not exist a unique collection of real option based valuation methodologies
that could be applied to patents. Such a realization could be generally at-
tributed to two basic facts. First, as contrasted to financial options and
other financial derivatives, the flexibility inherent in patents is rarely well
defined and the variables needed for a full-fledged option pricing are not
always intuitively identifiable. Second, the comprehension of latent value
from flexibility might vary among managers. As was argued by Koller et al.
[50], “a lot depends on management’s ability to recognize, structure, and
manage opportunities to create value from operating and strategic flexibil-
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ity”; when experts’ opinions are at stake, it is always the case that someone
excels others in terms of knowledge and insight.

Another important issue requiring attention is that, in most capital in-
vestment projects, the inherent real options are not always directly measur-
able (see e.g., [87, 92, 23, 50]), but are embedded in the so-called “Expanded
NPV” [92, 87] or “Contingent NPV” [50] which are normally more explicitly
recognizable. The difference between expanded NPV and conventional NPV
could be highlighted as follows:

• In contrast to conventional NPV based analysis which forces a de-
cision according to “today’s expectation of future information” [50],
that is to say managerial choices are implicitly limited to the initial
decision, expanded NPV also captures the value of active management
in response to unexpected events and market movements in the future
(i.e., the value of making decision when more information arrives),
which consists of two major components [92]:

Expanded NPV = Static NPV + Option Premium.

Intuitively, the component of “Option Premium” above represents the
value of the real option embedded. It is noticeable that static NPV,
which is determined under the expected scenario of future cash flows,
also forms a crucial component of the expanded NPV framework.

• The distinction between expanded NPV and conventional NPV could
also been depicted in a less abstract manner. Recall that

Static NPV =

∑n
t=1 Expected future cash flow at t

Cost of Capital
.

Since expanded NPV is endowed with the merit of option thinking,
it practically leads to skewness in the outcome distribution of the un-
derlying project. This is because option analysis captures the benefits
of forward looking judgments (i.e., the right to adapt), but does not
incur any symmetric obligation. Therefore, expanded NPV could be
mathematically described as [50]

Et=0

[
Max

(
Cash Flows Contingent on Information

Cost of Capital
, 0

)]
.
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Chapter 5

Patenting Decision Making
with Fuzzy Numbers and
Real Option Analysis

Fundamentally, the problem of patenting decision making shares a simi-
lar principle with capital budgeting of investment projects, as they are both
concerned with the allocation of resources among knowledge, innovation and
other forms of intangible assets for the purpose of value maximization. The
primary financial objective of a patent applicant is therefore to maximize his
“satisfaction or utility of consumption across time” [92], and such satisfac-
tion or utility is preferably manifested in monetary terms. Based on such an
analogy, a patent application could be generally considered as an investment
project which requires initial costs and has the potential to collect future
economical benefits which unfold through time, and it is the value of this
investment project that serves as the determinant of the patenting decision
under consideration.

The feasibilities of fuzzy set theory in patent cash flows estimation and
real option analysis in exploring managerial flexibility inherent in a patent
have been elaborated in Chapters 3 and 4, respectively. It will be demon-
strated in the rest of this chapter how a combination of real option analysis
and fuzzy set theory could facilitate patenting decision making. In partic-
ular, two distinct pricing models, namely the pay-off method and extended
fuzzy Black-Scholes model, have been selected for this purpose.
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5.1 Facilitating patenting decision making with the
pay-off method

The pay-off method, which was first coined by [17] in 2011, is a fuzzy logic
based approach to assessing the profitability of capital investments. Briefly
speaking, it takes three or four cash-flow scenarios for possible project costs
and revenues as input, which normally include the optimistic (i.e., maximum
possible), best guess (or, in the case of four scenarios, maximum best guess
and minimum best guess) and pessimistic (i.e., minimum possible) scenar-
ios; the scenarios then result in three or four cost (or revenue) estimates
for each time period, which are fuzzified into an appropriate fuzzy number,
depending on the number of scenarios adopted (i.e., triangular-shaped for
three scenarios or trapezoidal-shaped for four scenarios); these fuzzy num-
bers are subsequently aggregated which gives a fuzzy pay-off distribution (as
of time zero) from the project (also a fuzzy number). The pay-off method
implies that the negative outcomes (subject to terminating the project) be
truncated into one chunk that will cause a zero payoff and the area-weighted
average value of the resulting pay-off distribution be the value of the project.
That is to say, the profitability of the underlying project is determined by
the area-weighted average of the fuzzy mean value of the positive outcomes
of the distribution and zero (because the negative outcomes result in a zero
payoff). Mathematically speaking, the project value is determined as

Profitability of project =
Area of positive outcomes

Total area under the pay-off distribution

× Fuzzy mean value of the positive side. (5.1)

It is easy to see from Equation 5.1 that if the entire pay-off distribution is
above zero, the fuzzy mean value of this distribution (as a fuzzy number) is
the project’s value, and if the entire pay-off distribution is below zero, the
project is unprofitable.

Figure 5.1 illustrates a pay-off distribution depicted as a triangular fuzzy
number Ã. According to Equation 5.1, the profitability of the corresponding
project represented by Ã could be determined as follows [17]:

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

×E(Ã+), (5.2)

where E(Ã+) stands for the fuzzy mean value of the positive side the fuzzy
number Ã, and

∫∞
0 Ã(x) dx and

∫∞
−∞ Ã(x) dx measure the area of the posi-

tive side of Ã and the total area under Ã, respectively.
The pay-off method could arguably be applied to real option valuation

too [17]. First, it shares the same fundamental behind real option thinking,
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Figure 5.1: A triangular fuzzy number (a pay-off distribution) Ã = (a, α, β)
depicting the NPV of a prospective project

which is to capture the asymmetry or rather the upward skewness in the
probability distribution of NPV through actively managing an investment
project and hence improve its upside potential while limit its downside losses
[92]. The pay-off method seeks to achieve this by pruning all the negative
outcomes in the pay-off distribution from a project and focusing on those
economically promising (i.e., profitable) opportunities. Second, by taking
cash-flow scenarios as input, the pay-off method implicitly translates the
strategic intelligence of experts from different backgrounds into a business
plan with flexibility. For example, the truncation of all the negative out-
comes coincides with the real option analysis intuition that the project is
terminated if a loss is forecast. Third, the manifestation of cash-flow scenar-
ios at each time point as an appropriate fuzzy number properly reflects the
uncertainty inherent in the corresponding cash-flow estimation (see Chapter
3).

5.1.1 The application of the pay-off method with two types
of fuzzy numbers

This subsection will be devoted to the derivation of Equation 5.2 when the in-
put pay-off distribution, namely Ã, is a triangular-shaped and a trapezoidal-
shaped fuzzy number, respectively.
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If the pay-off distribution is a triangular fuzzy number, that is to say
Ã = (a, α, β), Equation 5.2 could take one of the following four forms:

• In the case of 0 ≤ a−α, the entire distribution is above zero and thus
the fuzzy mean value of the positive part of Ã is the fuzzy mean value
of Ã (i.e., E(Ã+) = E(Ã)). Recall that the fuzzy mean value of a
triangular fuzzy number is (see Equation 6 in Chapter 3)

E(Ã) =

∫ 1

0
[(a− (1− γ)α) + (a+ (1− γ)β)] γ dγ

= a+
β − α

6
.

Therefore Equation 5.2 could be written as

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

×E(Ã)

= a+
β − α

6

• In the case of a−α < 0 ≤ a, the fuzzy mean value of the positive part
of Ã equals to

E(Ã+) =
(α− a)3

6α2
+ a+

β − α
6

.

Equation 5.2 then becomes

Profitability of project =

∫∞
−∞ Ã(x) dx−

∫ 0
−∞ Ã(x) dx∫∞

−∞ Ã(x) dx
×E(Ã+)

=

(
1−

∫ 0
−∞ Ã(x) dx∫∞
−∞ Ã(x) dx

)
×E(Ã+)

=

(
1− (α− a)2

α (α+ β)

)
×

(
(α− a)3

6α2
+ a+

β − α
6

)
.

• In the case of a < 0 < a+β, the fuzzy mean value of the positive part
of Ã equals

E(Ã+) =
(a+ β)3

6β2

Equation 5.2 then becomes

Profitability of project =
(a+ β)2

β (α+ β)
× (a+ β)3

6β2

=
(a+ β)5

6β3 (α+ β)
.
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• In the case of a+ β ≤ 0, the entire distribution is below zero and thus
E(Ã+) = 0.

If the pay-off distribution is a trapezoidal fuzzy number, that is to say
Ã = (a, b, α, β), Equation 5.2 could take one of the following five forms:

• In the case of 0 ≤ a−α, since Ã is entirely above zero, the fuzzy mean
value of its positive area equals to the fuzzy mean value of itself, which
could be determined as (see Equation 7 in Chapter 3)

E(Ã) =

∫ 1

0
[(a− (1− γ)α) + (b+ (1− γ)β)] γ dγ

=
a+ b

2
+
β − α

6
.

Equation 5.2 could therefore be written as

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

×E(Ã)

=
a+ b

2
+
β − α

6
.

• In the case of a−α < 0 < a, the fuzzy mean value of the positive area
of Ã is

E(Ã+) =
a+ b

2
+
β − α

6
+

(α− a)3

6α3
.

Substituting the above E(Ã+) into Equation 5.2 gives

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

×

(
a+ b

2
+
β − α

6
+

(α− a)3

6α3

)

=

(
1−

∫ 0
−∞ Ã(x) dx∫∞
−∞ Ã(x) dx

)

×

(
a+ b

2
+
β − α

6
+

(α− a)3

6α3

)

=

(
1− (α− a)2

α (2b− 2a+ α+ β)

)

×

(
a+ b

2
+
β − α

6
+

(α− a)3

6α3

)
. (5.3)

• In the case of a ≤ 0 ≤ b, the fuzzy mean value of the positive area of
Ã becomes

E(Ã+) =
b

2
+
β

6
.
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Substituting the above E(Ã+) into Equation 5.2 gives

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

×
(
b

2
+
β

6

)
=

2b+ β

2b− 2a+ α+ β
×
(
b

2
+
β

6

)
.

• In the case of b < 0 ≤ b+ β, E(Ã+) is given as

E(Ã+) =
(b+ β)3

6β2
.

Equation 5.2 then becomes

Profitability of project =

∫∞
0 Ã(x) dx∫∞
−∞ Ã(x) dx

× (b+ β)3

6β2

=
(b+ β)2

β (2b− 2a+ α+ β)
× (b+ β)3

6β2

=
(b+ β)5

6β3 (2b− 2a+ α+ β)
.

• In the case of b+ β < 0, Equation 5.2 leads to zero as E(Ã+) is zero.

5.1.2 Patenting decision making with the pay-off method

As was discussed in Chapter 4 Section 1.1: Patent application and patent
exploitation, the sequential structure of patent application and patent ex-
ploitation manifests a high degree of compoundness which has also been
witnessed in pharmaceutical R&D project. That is to say, the commitment
to investing in patent application endows the applicant with an opportunity
(i.e., a right), but not an obligation, to proceed to patent commercializa-
tion once the patent is granted. In other words, the patent applicant is
not required to make a full commitment to both patent application and
commercialization at the outset, but is allowed to justify his decision to
commercialize at a later time. This sequential setup and the inherent man-
agerial flexibility can translate into a compound option from a real option
analysis standpoint, that is:

• The underlying value of the patent application investment is the subse-
quent commercialization project with the corresponding exercise price
being the present value (as of time zero) of the overall application fees.
That is to say, the patent application project should be undertaken
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only if the value of the commercialization project surpasses the overall
costs. Recall Figure 1 in Chapter 4, this exercise price which is labeled
as I0 could be calculated as

I0 = Initial local application fee +
PCT filing fee

(1 + r)
x1
12

+
Major costs required in the national phase

(1 + r)
x2
12

, (5.4)

assuming that PCT filing fee is to be paid at the x1
th month, other

major costs which are associated with internationalizing a patent ap-
plication and include, but are not limited to, translation and official
expenses and patent agents’ and attorneys’ fees (see Chapter 1) are
expected at the x2

th month, and all the expenses required in the ap-
plication process could be discounted at the patent-filing company’s
corporate bond rate [58] or at risk-free rate for an individual patent
applicant, namely r.

• The opportunity to invest in the follow-on patent commercialization
is the second option, which has a time to maturity of t years, starting
from the priority date. The corresponding underlying asset and exer-
cise price are the present value of the commercial project’s expected
future profit and the one-off investment of K, respectively. It is worth
emphasizing that the quantity of K varies with the nature of the un-
derlying intellectual asset. In automotive industry, for example, a con-
siderable amount of patents are filed to protect the working parts of
cars and the processes to be used to make their various components.
The follow-on commercialization, which usually requires the imple-
mentation of such inventions in the form of, for example, installing
new production lines, would inevitably cause large initial investment.
In chemical and pharmaceutical industries, however, patent protection
is usually sought for Markush structures and thus direct investment
required for their implementation is relatively marginal.

In this study, the underlying intellectual asset is a new process for the
preparation of a gypsum-fibre composite held by an anonymous water chem-
istry company, and it remains unclear if it would be economically beneficial
to file for a patent on it. Nevertheless, it should be sufficiently clear by now
that the application is worth pursuing only if the value of the subsequent
patent commercialization option surpasses the overall application outlays.
According to the generic mechanism for compound option valuation, the
value of the second option, namely the patent commercialization project,
needs to be determined first. It will be demonstrated next how the pay-off
method could be used to calculate the profitability of the commercialization
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project, which will then serve as the determinant for the initial patenting
decision.

Input data

In order to account for the uncertainty concerning the income in the post-
grant phase of the patent, the cash inflows from patent commercialization
are depicted with four cash-flow scenarios which were collected in the same
manner as demonstrated at the beginning of this section, while the cash
outflows in both phases are given as crisp numbers. In particular:

• Initial local application fee, PCT filing fee and the costs associated
with internationalizing a patent application, which are required in the
patent application process, are fixed (there is no uncertainty involved)
and thus will be represented as crisp numbers.

• The one-off investment K at the beginning of the commercialization
phase is assumed to be negligible in this case study.

• The four scenarios for possible cash inflows from the patent exploita-
tion result in four cash-flow estimates for each year into the post-grant
phase, which will be represented as a series of trapezoidal fuzzy num-
bers in the form of C̃Ij = (aj , bj , αj , βj) with j indicating the year.

• The representation of the outlays over the post-grant phase depends
on the nature of the patent. For the purpose of simplicity and expedi-
ency, crisp numbers will be used in this study, but for a more general
description they may also be described in terms of fuzzy numbers when
the uncertainty concerning the costs is significant. It is important to
mention that a crisp number, c, can be seen as the trapezoidal fuzzy
number c̃ = (c, c, 0, 0). So even if we know the value of the outlays
precisely, they can still be included in the model as possibility distri-
butions.

The result

For simplicity, we assume that the the patent is granted at year t = 3 and
is commercialized immediately. The values of the cash inflows and outflows
(and their present values as of year zero) during the 8-year commercializa-
tion project are listed in Table 5.1. The resulting pay-off distribution (the
cumulative present value) is then represented as a trapezoidal fuzzy num-
ber, which is Ã = (a, b, α, β) = (123.46, 1983.39, 2412.04, 2231.56). Since
a− α < 0 < a, according to Equation 5.3, the value of the patent commer-
cialization project is 757.76.
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Having proved the profitability of the commercialization project, it comes
to the first question: is the patent application worth pursuing? As was
noted above, the initial patenting decision resembles a call option with the
underlying value being the commercialization option and the exercise price
being the overall application expenses I0. Assume the parameters are as
follows: initial local application fee is 100, the PCT filing fee is 200 which is
due at the 12th month (i.e., x1 = 12), and the cost required in the national
phase is 150 which is paid at the 30th month (i.e., x2 = 30). It is worth
emphasizing again that if there is risk perceived in the first stage, namely the
patent application process, the same scenario approach could also be used
for calculation. Substituting the numbers above into Equation 5.4 gives
I0 = 428.3. When we compare this to the value of the commercialization
project, the result is

Max (757.76− I0, 0) = 329.46.

It is therefore profitable for the water chemistry company to seek patent
protection on its revolutionary chemical processing technique and position
itself to take advantage of the future monopoly benefits.

5.2 Justifying patent commercialization decision
with the extended fuzzy Black-Scholes model

The Black-Scholes model, which was first coined by Black and Scholes [11]
and subsequently extended by Merton [59], has been widely accepted as the
standard for (financial) option pricing. Briefly speaking, it is obtained by
solving the partial differential equation which results from the continuous
application of the replicating portfolio strategy under certain assumptions.
Due to its great computational simplicity and relative accuracy, the Black-
Scholes model has also become prevalent in valuing real options [14]. For
example, Hartmann and Hassan [35] concluded in their survey article that, in
comparison to other techniques including the decision tree analysis, binomial
model and Geske’s compound option model, the application of the Black-
Scholes model had received higher popularity in the pharmaceutical section
for both R&D project and company valuations.

5.2.1 The extended fuzzy Black-Scholes model

However, despite the rationality of using both real option analysis and fuzzy
set theory in making real investment decisions (see Chapters 3 and 4), the
study combining both techniques, namely fuzzy real option analysis, still
remains as a less exploited topic, let alone the attempt to adjust the Black-
Scholes model under the fuzzy framework. Among the relatively limited lit-
erature are the works of Yoshida [96, 97] and the contribution from Carlsson
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and Fullér [15]. The former extends the renowned model by simultaneously
accounting for two sources of uncertainties, namely randomness arising from
stock price changes and fuzziness as a result of the lack of knowledge in re-
gard to the present stock market. To do so, Yoshida introduces a fuzzy
stochastic process assumed to underlie the stock price, which is defined as
a family of fuzzy random variables taking on fuzzy numbers as values. The
extended model then determines the prices of European-style options (see
e.g., [96]) or American put option (see e.g., [97]) which are also represented
as fuzzy numbers. However, the feasibility of Yoshida’s extended Black-
Scholes model in real option valuation, in particular in patent valuation,
remains to be verified. The major concern is raised by the fact that, as was
elaborated in Chapter 3, the uncertainties encountered in patent valuation
are mostly human-related as they arise either from incomplete knowledge
or from decision makers’ limited ability to perceive, process and develop on
the available information, while Yoshida’s model does not seem capable of
taking into consideration all these subjective interpretations. In particular,
in his proposed models, all the subjective judgements from decision makers
have to be condensed into one or two weighting indices, which could never
be said to be easy under the context of patent.

Carlsson and Fullér [15] propose a different approach to the Black-Scholes
model extension. That is, they allow the extended model to directly take on
fuzzy numbers (e.g., fuzzy underlying asset price and fuzzy exercise price) as
input. Such modification has great practical merit of being useful in valuing
real options as “from a computational point of view it is easier to use linear
membership functions and, more importantly, our experience shows that se-
nior managers prefer trapezoidal fuzzy numbers to Gaussian ones when they
estimate the uncertainties associated with future cash inflows and outflows”
[15]. Indeed, the extended model further improve the Black-Scholes formula
by taking into consideration the practical difficulties in characterizing the
present value of expected cash flows with one single number, which is es-
pecially the case when the underlying is a real asset such as real estate,
agricultural land, special purpose machinery or when the underlying asset
has lower liquidity or no established market such as intellectual properties.
The proposed pricing model for a European-style call option is given as
follows:

C̃(S̃, 0) = S̃0e
−δTN (d1)− X̃e−rTN (d2) , (5.5)

where

d1 =

ln

(
E(S̃0)
E(X̃)

)
+
(
r − δ + σ2

2

)
T

σ
√
T

, (5.6)

d2 = d1 − σ
√
T .

69



Note that:

• Fuzzy numbers are capped by a tilde (˜), including the resulting option
price.

• δ in Equation 5.5 stands for the constant and continuous dividend
yield on the underlying stock of the (financial) option; in the case of
a real option, δ denotes the value lost over the duration of the option,
such as the foregone income resulting from postponing production or
distribution (e.g., option to defer) and the market revenues carved up
by competitors as a result of “weak isolating mechanisms” [90] which
are commonly seen in fast-cycle markets.

• E(S̃0) and E(X̃) in Equation 5.6 denote the fuzzy mean value of the
underlying asset (or the present value of expected cash flows) and fuzzy
mean value of the exercise price, respectively.

However, the above extension of the Black-Scholes model could be fur-
ther improved with two adjustments. First, as was noted in Equation 5.6,
the fuzzy mean values of the underlying asset and the exercise price are
calculated respectively before their ratio is taken (i.e., E(S̃0)/E(X̃)), which
prematurely eliminates the uncertainties manifested in each (fuzzy) number.
Second, it assumes a constant and continuous dividend yield which could be
troublesome to determine in real option analysis. In real world scenarios, for
example an information system investment opportunity available to a com-
pany for a certain period of time, this company would routinely review the
opportunity at discrete time intervals, such as every month, quarter or half
year since the investment concerns one of the fast-cycle markets as noted
above, and justify its decision to invest or to defer. Once the decision to
defer is made at one of these periodic reviews, it would cause the company
to forfeit any possible revenues up to the next review, which resembles the
effect dividend has on a financial option. However, in contrast to a finan-
cial option, the management could control the size of forgone cash flows by
altering the review frequency [14]. That is to say, the higher the review
frequency, the less foregone revenue between decision instances. Therefore,
it could be argued that the forfeit could be estimated, but only as discrete
projections.

Having realized the obstacles to its implementation, we propose the fol-
lowing extended model for fuzzy real option valuation which is based on the
work of Carlsson and Fullér (i.e., Equation 5.5 and 5.6):

C̃(S̃, 0) =

(
S̃0 −

n∑
i=1

Die
−rτi

)
N (d1)− X̃e−rTN (d2) , (5.7)
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where

d1 =

ln

(
E

(
S̃0−

∑n
i=1Die

−rτi

X̃

))
+
(
r + σ2

2

)
T

σ
√
T

, (5.8)

d2 = d1 − σ
√
T .

The proposed extended model relies on the following assumptions in addition
to the standard assumptions for option pricing:

• A finite number of discrete, dividend-like losses in value are anticipated
before maturity.

• The quantities and timing of these value deductions are known.

• The option is not exercised prematurely.

Note that in Equation 5.7 and 5.8 Di stands for the ith value deduction
which is anticipated at τi and 1 ≤ i ≤ n. Also note that the ratio of the
adjusted underlying asset value by subtracting the present value of all the
known “dividends” and the exercise price is calculated prior to the mean
value of the ratio (i.e., E((S̃0 −

∑n
i=1Die

−rτi)/X̃)). Unfortunately, such
an improvement would inevitably incur much greater computational com-
plexities as the calculation of the ratio of two fuzzy numbers has proved to
be a difficult task. It will be demonstrated in the next subsection how the
membership functions of S̃0 and X̃, given as two trapezoidal fuzzy numbers,
would affect the value of the ratio.

The ratio of S̃0 −
∑n

i=1Die
−rτi to X̃

Recall that a γ-cut (or a γ-level set) of a fuzzy number A defined in R is
[A]γ = {x ∈ R|A(x) ≥ γ} if 0 < γ ≤ 1 and [A]γ = cl{x ∈ R|A(x) > γ} (the
closure of the support of A) if γ = 0. If both S̃0 and X̃ are trapezoidal fuzzy
numbers, they could be represented in terms of γ-cuts as

[S̃0]γ =
[
a
S̃0
− α

S̃0
+ γα

S̃0
, b

S̃0
+ β

S̃0
− γβ

S̃0

]
,

[X̃]γ =
[
a
X̃
− α

X̃
+ γα

X̃
, b

X̃
+ β

X̃
− γβ

X̃

]
.

Note that S̃0 −
∑n

i=1Die
−rτi is also a trapezoidal fuzzy number, which is

labelled as S̃∗0 for simplicity. It could also be represented in terms of γ-cuts,
which is

[S̃∗0 ]γ =
[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0
, b

S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

]
.
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The ratio of S̃∗0 to X̃ is defined in terms of arithmetic operations on their
γ-cuts (i.e., arithmetic operation on closed intervals). That is[

S̃∗0

X̃

]γ
=

[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0
, b

S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

]
[
a
X̃
− α

X̃
+ γα

X̃
, b

X̃
+ β

X̃
− γβ

X̃

]
=
[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0
, b

S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

]
×
[

1

b
X̃

+ β
X̃
− γβ

X̃

,
1

a
X̃
− α

X̃
+ γα

X̃

]
=

[
min

(a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

,

b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

)
,

max

(a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

,

b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

)]
,

provided that 0 /∈ [a
X̃
− α

X̃
+ γα

X̃
, b

X̃
+ β

X̃
− γβ

X̃
].

Because X̃ stands for the exercise price in the present context which is
always positive, the ratio of S̃∗0 to X̃ is properly defined. It is obvious that

[S̃∗0/X̃]γ varies along the left and right endpoints of [a
S̃∗
0
−α

S̃∗
0

+γα
S̃∗
0
, b

S̃∗
0

+

β
S̃∗
0
−γβ

S̃∗
0
]. In other words, its value depends on where the zero line crosses

the membership function of S̃∗0 . Consequently, it could take one of the
following five values:

• a
S̃∗
0
− α

S̃∗
0
≥ 0:[
S̃∗0

X̃

]γ
=

[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

]
.

• a
S̃∗
0
− α

S̃∗
0
< 0 < a

S̃∗
0
:

[
S̃∗0

X̃

]γ
=


[
a
S̃∗0
−α

S̃∗0
+γα

S̃∗0
a
X̃
−α

X̃
+γα

X̃
,
b
S̃∗0

+β
S̃∗0
−γβ

S̃∗0
a
X̃
−α

X̃
+γα

X̃

]
if 0 ≤ γ ≤

α
S̃∗0
−a

S̃∗0
α
S̃∗0

,[
a
S̃∗0
−α

S̃∗0
+γα

S̃∗0
b
X̃

+β
X̃
−γβ

X̃
,
b
S̃∗0

+β
S̃∗0
−γβ

S̃∗0
a
X̃
−α

X̃
+γα

X̃

]
if

α
S̃∗0
−a

S̃∗0
α
S̃∗0

< γ ≤ 1.

• a
S̃∗
0
≤ 0 ≤ b

S̃∗
0
:[

S̃∗0

X̃

]γ
=

[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

]
.

72



• b
S̃∗
0
< 0 < b

S̃∗
0

+ β
S̃∗
0
:

[
S̃∗0

X̃

]γ
=


[
a
S̃∗0
−α

S̃∗0
+γα

S̃∗0
a
X̃
−α

X̃
+γα

X̃
,
b
S̃∗0

+β
S̃∗0
−γβ

S̃∗0
a
X̃
−α

X̃
+γα

X̃

]
if 0 ≤ γ ≤

b
S̃∗0

+β
S̃∗0

β
S̃∗0

,[
a
S̃∗0
−α

S̃∗0
+γα

S̃∗0
a
X̃
−α

X̃
+γα

X̃
,
b
S̃∗0

+β
S̃∗0
−γβ

S̃∗0
b
X̃

+β
X̃
−γβ

X̃

]
if

b
S̃∗0

+β
S̃∗0

β
S̃∗0

< γ ≤ 1.

• b
S̃∗
0

+ β
S̃∗
0
≤ 0:

[
S̃∗0

X̃

]γ
=

[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
X̃
− α

X̃
+ γα

X̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

b
X̃

+ β
X̃
− γβ

X̃

]
.

Having determined [S̃∗0/X̃]γ , the mean value of the ratio of S̃∗0 to X̃

(i.e., E((S̃0−
∑n

i=1Die
−rτi)/X̃) as in Equation 5.8) could be calculated by

the definition of weighted fuzzy mean value in Chapter 3. That is to say,
E(S̃∗0/X̃) is the level-weighted average of the arithmetic mean of all the γ-

cuts (i.e., [S̃∗0/X̃]γ), with 2γ being the weight of the arithmetic mean of the

two endpoints of each [S̃∗0/X̃]γ and γ ∈ [0, 1]. Without loss of generality,

[S̃∗0/X̃]γ could be simplified as

[
S̃∗0

X̃

]γ
=

[
a+ γb

c+ γd
,
a∗ + γb∗

c∗ + γd∗

]
.

According to the definition of weighted fuzzy mean value in Chapter 3 and
the membership function of S̃∗0 , E(S̃∗0/X̃) could be defined as

E

(
S̃∗0

X̃

)
=

∫ 1

0
2γ

a+γb
c+γd + a∗+γb∗

c∗+γd∗

2
dγ

=

∫ 1

0
γ

(
a+ γb

c+ γd
+
a∗ + γb∗

c∗ + γd∗

)
dγ

=

∫ 1

0
γ
a+ γb

c+ γd
dγ +

∫ 1

0
γ
a∗ + γb∗

c∗ + γd∗
dγ,
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or

E

(
S̃∗0

X̃

)
=

∫ α
S̃∗0

−a
S̃∗0

α
S̃∗0

0
2γ

a+γb
c+γd + a∗+γb∗

c∗+γd∗

2
dγ

+

∫ 1

α
S̃∗0

−a
S̃∗0

α
S̃∗0

2γ

e+γf
g+γh + e∗+γf∗

g∗+γh∗

2
dγ

=

∫ α
S̃∗0

−a
S̃∗0

α
S̃∗0

0
γ

(
a+ γb

c+ γd
+
a∗ + γb∗

c∗ + γd∗

)
dγ

+

∫ 1

α
S̃∗0

−a
S̃∗0

α
S̃∗0

γ

(
e+ γf

g + γh
+
e∗ + γf∗

g∗ + γh∗

)
dγ

=

∫ α
S̃∗0

−a
S̃∗0

α
S̃∗0

0
γ
a+ γb

c+ γd
dγ +

∫ α
S̃∗0

−a
S̃∗0

α
S̃∗0

0
γ
a∗ + γb∗

c∗ + γd∗
dγ

+

∫ 1

α
S̃∗0

−a
S̃∗0

α
S̃∗0

γ
e+ γf

g + γh
dγ +

∫ 1

α
S̃∗0

−a
S̃∗0

α
S̃∗0

γ
e∗ + γf∗

g∗ + γh∗
dγ.

Clearly it suffices to show the expansion of
∫
γ a+γb
c+γd dγ, which is∫

γ
a+ γb

c+ γd
dγ =

dγ (2ad− 2bc+ bdγ) + 2c (bc− ad) ln (c+ dγ)

2d3
+ C.

The rest of the calculation is rather straightforward. However, it is worth
reminding that the resulting option price given by Equation 5.7 would still
be a fuzzy number if any of the underlying asset price S̃0 and exercise price
X̃ is represented by a fuzzy number. Please refer to Chapter 3 for the rules
of arithmetic operations on fuzzy numbers. It will be demonstrated in the
next subsection how the proposed extended fuzzy Black-Scholes model could
be applied to a patenting decision making problem.

5.2.2 Justifying commercialization decision with the extended
fuzzy Black-Scholes model

Recall the aforementioned industrial case study, in which the IPR manager
of an anonymous water chemistry company is faced with the decision on
whether to file for a patent application on a new process for the preparation
of a gypsum-fibre composite. Assume that, in addition to the patent appli-
cation fees and patent maintenance fees, an outlay K at the beginning of the
commercialization phase (see Figure 1 in Chapter 4) is prerequisite for the
implementation of such a process and the quantity of the investment could
not be determined precisely, while all other conditions remain unchanged.
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Now the IPR manager is faced with another decision: is it profitable to
invest in the commercial project?

As was claimed in Chapter 4, during the patent application process,
the applicant is not required to make an advanced commitment to invest
in patent commercialization once it is granted, but has the right to wait
until more information arrives and make the investment only if the market
condition turns out to be favourable for him at that time. Hence, the decision
making problem regarding patent commercialization at hand is essentially
the same as finding the expanded NPV of the project which, from a real
option analysis standpoint, is equal to the price of a European call option
with the underlying asset and exercise price being the present value of a
claim on the expected commercial profits and the commercialization costs
(i.e., X = K), respectively. Since the patent application fees are paid over
the life of this option which is the length of the entire application process,
they could arguably be considered as a form of value loss or rather the cost
of holding the option which resembles the effect dividend has on a financial
option. Intuitively, the extended fuzzy Black-Scholes model is adequate to
the valuation task.

Input data and result

Recall that the application period is assumed to last for three years and the
patent would be kept in force for eight years once granted. Three major
outlays are required in the patent application process, which are the initial
local application fee (100), the PCT filing fee (200) at the 12th month and
the cost (150) accrued in the national phase which is due at the 30th month.
The one-off investment K is given as a trapezoidal fuzzy number, which is

K̃ = (a
K̃
, b
K̃
, α

K̃
, β
K̃

) = (1500, 1700, 200, 100).

The revenue and maintenance cost of each year into the post-grant phase,
together with their present values as of time zero, are presented in Table
5.1. The resulting NPV is represented as a trapezoidal fuzzy number, which
is

S̃0 = (a
S̃0
, b
S̃0
, α

S̃0
, β
S̃0

) = (123.46, 1983.39, 2412.04, 2231.56).

As was noted, the adjusted current asset value in Equation 5.7, namely
S̃∗0 = S̃0 −

∑n
i=1Die

−rτi , is also a trapezoidal fuzzy number:

S̃∗0 = (a
S̃∗
0
, b
S̃∗
0
, α

S̃∗
0
, β
S̃∗
0
) = (−304.41, 1555.50, 2412.04, 2231.56).

Since a
S̃∗
0
< 0 < b

S̃∗
0
, the ratio of S̃∗0 to K̃ takes the following form (see

Section 5.2.1)[
S̃∗0

K̃

]γ
=

[
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
K̃
− α

K̃
+ γα

K̃

,
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
K̃
− α

K̃
+ γα

K̃

]
for all γ ∈ [0, 1],
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and hence the fuzzy mean value of this ratio is

E

(
S̃∗0

K̃

)
=

∫ 1

0
2γ

a
S̃∗0
−α

S̃∗0
+γα

S̃∗0
a
K̃
−α

K̃
+γα

K̃
+

b
S̃∗0

+β
S̃∗0
−γβ

S̃∗0
a
K̃
−α

K̃
+γα

K̃

2
dγ

=

∫ 1

0
γ
a
S̃∗
0
− α

S̃∗
0

+ γα
S̃∗
0

a
K̃
− α

K̃
+ γα

K̃

dγ +

∫ 1

0
γ
b
S̃∗
0

+ β
S̃∗
0
− γβ

S̃∗
0

a
K̃
− α

K̃
+ γα

K̃

dγ

= 0.4154.

The volatility parameter σ in Equation 5.8 is determined by the coef-
ficient of variation, which is defined as the ratio of the (fuzzy) standard
deviation to the (fuzzy) mean value of S̃0. Hence, the coefficient of variation
is found to be 1.0097. Having determined all the parameters of Equations
5.7 and 5.8, the value of the patent commercialization project (i.e., the fuzzy
extended NPV) could be calculated, which is

C̃(S̃, 0) = S̃∗0N (d1)− K̃e−rTN (d2)

= (−304.41, 1555.50, 2412.04, 2231.56)N (d1)

−(1500, 1700, 200, 100)N (d2)

= (−347.90, 915.67, 1625.18, 1512.67).

We can see from the above result that the interval [-347.90,915.67] in
which the most possible value of the fuzzy expanded (strategic) NPV lies
is rather large. This seemingly lackluster result, however, exactly follows
from and corresponds to the high level of uncertainty associated with the
cash flows estimation. It therefore dutifully unveils the possible loss as well
as the potential profit based purely on the suboptimal inputs without any
embellishment.

Based on our experience, a single (crisp) number value is sometimes
desired by IPR managers. This can be achieved by determining the fuzzy
mean value of the fuzzy expanded NPV, which is E(C̃(S̃, 0)) = 265.13.

Discussion

As was discussed in Chapter 4, the expanded NPV consists of two mayor
components, which are

Expanded NPV = Static NPV + Option Premium,

where “Static NPV” stands for the conventional NPV of measurable ex-
pected cash flows and “Option Premium” denotes the real option value
stemming from managerial flexibility.
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In our case study, the “Static NPV” is

Static NPV = S̃∗0 −
K̃

(1 + r)3

= (−304.41, 1555.50, 2412.04, 2231.56)− (1500, 1700, 200, 100)

(1 + r)3

= (−1815.71, 222.01, 2500.94, 2409.36),

and its fuzzy mean value is E(Static NPV) = −812.11. The “Option Pre-
mium” or, in other words, the value of management’s discretion to commer-
cialize the patent is therefore

Option Premium = E(C̃(S̃, 0))−E(Static NPV) = 1077.24.

Clearly, the conventional NPV analysis would have dismissed the considera-
tion of a commercial project as the result of its negative outcome. The real
option thinking, however, proves it worthwhile to undertake an additional
investment if the future market developments are favourable.
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Chapter 6

Patent valuation with a
fuzzy binomial model

As was discussed in Chapter 4, a patent application, whatever patent of-
fice it is filed with, must survive several rounds of sophisticated scrutiny
and revisions before receives its approval. During such a cumbersome and
sometimes lengthy application process, the patent applicant will be required
to decide whether to continue or forego the ongoing application at several
stages. Once entering the post-grant phase, various opportunities regarding
how to exploit the granted patent become available to its proprietor. For
example, in addition to the opportunity to renew at the end of each year,
a patent could be licensed or abandoned in exchange for royalties or its
salvage value. From a real option standpoint, the opportunity to keep the
patent in force resembles an European option with the underlying value and
exercise price being the monopoly benefit of the coming year plus the next
option to renew and the patent maintenance fee, respectively. Intuitively,
such compoundness, which is also witnessed in analysing a patent applica-
tion process (see Section 4.1: Real option analysis as a means to account for
managerial flexibility), could be properly accounted for with a compound
option. It is equally straightforward to notice that the opportunity to aban-
don could be likened to an American put option exercisable with a default
[70]. The licensing opportunity, however, is relatively more complex to anal-
yse as the “rent dissipation effect” [64] would unavoidably undermine the
patent monopoly. Therefore, the option to license translates into the patent
holder’s flexibility to choose the maximum of self-generated profit without
licensing, and lessened monopoly benefits plus the compensation generated
through licensing agreement. However, the Black-Scholes model is arguably
less efficient in evaluating such real option scenarios as the American put
option does not have a closed-from solution for a finite maturity and the
Black-Scholes model is not capable of dealing with multi-option situations
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[55]. Therefore, the binomial model coined by Cox et al. [19] will be adopted
as a basis to appraise the aforementioned flexibility.

In all the previous examples, the imprecision embedded in expert judge-
ments on the future profitability of a given patent is directly reflected in
fuzzy cash flows. In this chapter, an alternative approach to account for the
imprecision will be proposed. That is, a fuzzy volatility of the underlying
asset, which is the NPV of the future cash flows, will be sought from IPR
experts, while the future cash flows and thus its NPV are allowed to be
crisp numbers. It is important to emphasize that the use of fuzzy volatil-
ity is essentially different from the application of a stochastic volatility. As
was elaborated in Chapter 3: Fuzzy set theory in patent valuation, a fuzzy
volatility results from the practical difficulties in giving a precise and re-
liable estimate on the volatility parameter in an environment of imperfect
information and it mathematically represents the accompanying imprecision
of the estimation; in a stochastic volatility model, the volatility is assumed
to follow a stochastic process and thus varies randomly. In other words, a
fuzzy volatility could be considered as a different approach to the modelling
of “volatility of volatility” (i.e., heteroscedasticity) [69]. The application
of fuzzy volatility serves as a valuable alternative to the methods taking
fuzzy cash flows as input. For example, it would be preferable when the in-
vestment project under consideration has a long life cycle, such as a patent
exploitation project.

The objective of this chapter is to propose a fuzzy binomial approach to
evaluate a post-grant patent embedded with the licensing opportunity. It
is necessary to point out that the proposed binomial model is also capable
of accounting for coexistent options, such as the option to license and the
option to abandon.

6.1 The valuation approach

6.1.1 The binomial option pricing model

The Cox-Ross-Rubinstein (CRR) model introduced in Cox et al. [19] is a
discrete-time, binomial tree-based option pricing model. In particular, it
provides a powerful approach to the numerical solution for the valuation of
American-style options which are exercisable at any time up to maturity
and do not have close-form solutions. Briefly speaking, in addition to the
same underlying assumptions underpinning the Black-Scholes model, the
following assumptions are made in the CRR model:

1. The life cycle of the option T is equally divided into n time intervals
(or steps), that is T = nt.

2. At each step, the value of the underlying asset S is assumed to move
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up or down at a rate propotional to its volatility σ and the length of
the time interval t.

3. The upward and downward rates (also known as the jump factors),
namely u and d, must satisfy 0 < d < 1 + r < u, where r is the
risk-free interest rate.

4. The binomial tree is recombinant, which means u · d = 1.

5. At each step, the up movement and down movement are associated
with (risk-neutral) probabilities of pu and pd, respectively, and pu +
pd = 1.

To begin with, the assumed price process of the underlying asset is re-
peated recursively until it reaches the expiry time T . The value of the
option V in each possible state (or, figuratively speaking, each node) at
the maturity is determined according to the nature of the option. Work-
ing back through the binomial tree by assessing the value of the option at
each previous node, which could be obtained from its expected future values
(using probabilities pu and pd) discounted at the risk-free rate r, leads to
the (present) value of the option. Without loss of generality, the values of
an American put option with strike price K at maturity and intermediate
stages could be determined as follows:

At maturity:

{
Sin =S0u

idn−i

V i
n = max

(
K − Sin, 0

) for all i = 0, . . . , n.

Elsewhere:


Sjm =S0u

jdm−i

V j
m = max

(
K − Sjm,

1

1 + r

(
puV

j+1
m+1 + pdV

j
m+1

))
for all

m = 0, . . . , n− 1,
j = 0, . . . ,m.

Intuitively, V0 signifies the current value of the put option.

The parameters u, d, pu and pd are defined as (see e.g., [25, 85] for a
detailed derivation of the following results)

u = eσ
√
t, (6.1)

d = e−σ
√
t, (6.2)

pu =
(1 + r)− d
u− d

, (6.3)

pd =
u− (1 + r)

u− d
. (6.4)
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6.1.2 The fuzzy binomial option pricing model

To begin with, the volatility parameter will be represented with a trape-
zoidal fuzzy number to account for the imprecision in its estimation. It is
worth emphasizing again the fact that triangular fuzzy numbers are nothing
but a special case of trapezoidal fuzzy numbers makes the proposed model
applicable to both instances.

To keep good consistency in the manifestation of fuzzy numbers through-
out this thesis, the fuzzy volatility is also defined in terms of its γ-cuts, which
are

[σ̃]γ = [aσ̃ − (1− γ)ασ̃, bσ̃ + (1− γ)βσ̃] for all γ ∈ [0, 1].

As a matter of fact, the use of γ-cuts not only extends the applicability of the
model to all types of fuzzy numbers, but facilitates subsequent calculations
among different fuzzy quantities.

According to Equation 6.1 and 6.2, the jump factors could be defined in
their γ-cuts as

[ũ]γ =
[
e(aσ̃−(1−γ)ασ̃)

√
t, e(bσ̃+(1−γ)βσ̃)

√
t
]
,

[d̃]γ =
[
e−(bσ̃+(1−γ)βσ̃)

√
t, e−(aσ̃−(1−γ)ασ̃)

√
t
]
.

It is important to point out that Assumption 3 listed above must be adjusted
accordingly, which now becomes

e−(aσ̃−(1−γ)ασ̃)
√
t < 1 + r < e(aσ̃−(1−γ)ασ̃)

√
t for all γ ∈ [0, 1]. (6.5)

Such an extension plays a crucial role in the proposed fuzzy binomial model.
I will revisit this issue in the following work.

Assume the present value of the underlying asset is S0, the value of the
asset over the next period (i.e., at time t) will move either up to S0ũ or
down to S0d̃, which are (in terms of γ-cuts)

[S0ũ]γ =
[
S0e(aσ̃−(1−γ)ασ̃)

√
t, S0e(bσ̃+(1−γ)βσ̃)

√
t
]
,

[S0d̃]γ =
[
S0e−(bσ̃+(1−γ)βσ̃)

√
t, S0e−(aσ̃−(1−γ)ασ̃)

√
t
]
.
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Similarly, the values of the underlying asset at time 2t will be

[S0ũ
2]γ =

[
S0e2(aσ̃−(1−γ)ασ̃)

√
t, S0e2(bσ̃+(1−γ)βσ̃)

√
t
]
,

[S0ũd̃]γ =
[
S0e(aσ̃−(1−γ)ασ̃)

√
t−(bσ̃+(1−γ)βσ̃)

√
t,

S0e(bσ̃+(1−γ)βσ̃)
√
t−(aσ̃−(1−γ)ασ̃)

√
t
]

=
[
S0e((aσ̃−bσ̃)−(1−γ)(ασ̃+βσ̃))

√
t,

S0e((bσ̃−aσ̃)+(1−γ)(βσ̃+ασ̃))
√
t
]
,

[S0d̃
2]γ =

[
S0e−2(bσ̃+(1−γ)βσ̃)

√
t, S0e−2(aσ̃−(1−γ)ασ̃)

√
t
]
.

Without loss of generality, the value of the underlying asset at an arbitrary
node could be generalized as

[S0ũ
id̃j ]γ =

[
S0ei(aσ̃−(1−γ)ασ̃)

√
t−j(bσ̃+(1−γ)βσ̃)

√
t,

S0ei(bσ̃+(1−γ)βσ̃)
√
t−j(aσ̃−(1−γ)ασ̃)

√
t
]

=
[
S0e((iaσ̃−jbσ̃)−(1−γ)(iασ̃+jβσ̃))

√
t,

S0e((ibσ̃−jaσ̃)+(1−γ)(iβσ̃+jασ̃))
√
t
]
. (6.6)

One major advantage of the binomial model over the Black-Scholes
model is it allows for the staged evolution and specification of the asset
price through time. That is to say, the asset price is explicitly known at
each node, or point in time. Such a superiority is dutifully retained in the
proposed model, although the fuzzification of asset prices in terms of their
γ-cuts might make them seem less definite. In other words, the membership
function of each S0ũ

id̃j is indeed determinable. To clarify the matter, let’s
take another look at Equation 6.6.

Since the product of trapezoidal fuzzy numbers is not a trapezoidal fuzzy
number, S0ũ

id̃j could not be manifested in terms of (a, b, α, β). Their core
and support are nevertheless determinable by simply setting γ to 1 and 0,
respectively, which are

[S0ũ
id̃j ]1 =

[
S0e(iaσ̃−jbσ̃)

√
t, S0e(ibσ̃−jaσ̃)

√
t
]
,

[S0ũ
id̃j ]0 =

[
S0e((iaσ̃−jbσ̃)−(iασ̃+jβσ̃))

√
t, S0e((ibσ̃−jaσ̃)+(iβσ̃+jασ̃))

√
t
]
.

The membership function of S0ũ
id̃j could be determined by equalizing the

endpoints of the interval in Equation 6.6 to x, respectively, which gives

x = S0e((iaσ̃−jbσ̃)−(1−γ)(iασ̃+jβσ̃))
√
t,

x = S0e((ibσ̃−jaσ̃)+(1−γ)(iβσ̃+jασ̃))
√
t.
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Expressing γ in terms of x leads to

γ =
1

(iασ̃ + jβσ̃)
√
t
ln
x

S0
− iaσ̃ − jbσ̃
iασ̃ + jβσ̃

+ 1,

γ = − 1

(iβσ̃ + jασ̃)
√
t
ln
x

S0
+
ibσ̃ − jaσ̃
iβσ̃ + jασ̃

+ 1,

and thus the membership function of the asset price S0ũ
id̃j could be given

as follows:

S0ũ
id̃j =



1

(iασ̃ + jβσ̃)
√
t
ln
x

S0
− iaσ̃ − jbσ̃
iασ̃ + jβσ̃

+ 1

(if S0e((iaσ̃−jbσ̃)−(iασ̃+jβσ̃))
√
t ≤ x < S0e(iaσ̃−jbσ̃)

√
t)

1

(if S0e(iaσ̃−jbσ̃)
√
t ≤ x ≤ S0e(ibσ̃−jaσ̃)

√
t)

− 1

(iβσ̃ + jασ̃)
√
t
ln
x

S0
+
ibσ̃ − jaσ̃
iβσ̃ + jασ̃

+ 1

(if S0e(ibσ̃−jaσ̃)
√
t < x ≤ S0e((ibσ̃−jaσ̃)+(iβσ̃+jασ̃))

√
t)

0

(otherwise).

Using the fuzzy version of the volatility parameter requires that Equa-
tions 6.3 and 6.4 be adjusted accordingly. In Paper 4, the approach sug-
gested by Muzzioli and Reynaerts (see e.g., [67, 68, 69]) is adopted, which
models the probabilities pu and pd as trapezoidal fuzzy numbers which are
approximated by [

(1 + r)− d̄
ū− d̄

,
(1 + r)−

¯
d

¯
u−

¯
d

]
, (6.7)

and [
¯
u− (1 + r)

¯
u−

¯
d

,
ū− (1 + r)

ū− d̄

]
, (6.8)

respectively, where
¯
u (respectively

¯
d) and ū (respectively d̄) represent the

endpoints of the γ-cuts of ũ (respectively d̃). The above fuzzy numbers,
namely those manifested by 6.7 and 6.8, are determinable by solving the
following non-linear programming problems:

max
u,d

(1 + r)− d
u− d

, min
u,d

(1 + r)− d
u− d

;

and

max
u,d

u− (1 + r)

u− d
, min

u,d

u− (1 + r)

u− d
.
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In Paper 5, an alternative approach to the derivation of probabilities pu
and pd is proposed, which is based on fuzzy arithmetic as defined in Chapter
3. Recall that, given two fuzzy numbers Ã and B̃, their subtraction and ratio
could be defined in terms of their γ-cuts as

[Ã− B̃]γ =
[
¯
A− B̄, Ā−

¯
B
]
,

[Ã/B̃]γ =
[
min

(
¯
A/

¯
B,

¯
A/B̄, Ā/

¯
B, Ā/B̄

)
, max

(
¯
A/

¯
B,

¯
A/B̄, Ā/

¯
B, Ā/B̄

)]
.

Accordingly, the numerator and denominator of (1+r)−d̃
ũ−d̃

take the form

[(1 + r)− d̃]γ =
[
(1 + r)− d̄, (1 + r)−

¯
d
]
,

and
[ũ− d̃]γ =

[
¯
u− d̄, ū−

¯
d
]
,

respectively. The fuzzy probability p̃u is

[p̃u]γ =

[
(1 + r)− d̄
ū−

¯
d

,
(1 + r)−

¯
d

¯
u− d̄

]
=

[
(1 + r)− e−(aσ̃−(1−γ)ασ̃)

√
t

e(bσ̃+(1−γ)βσ̃)
√
t − e−(bσ̃+(1−γ)βσ̃)

√
t
,

(1 + r)− e−(bσ̃+(1−γ)βσ̃)
√
t

e(aσ̃−(1−γ)ασ̃)
√
t − e−(aσ̃−(1−γ)ασ̃)

√
t

]
. (6.9)

Similarly, the fuzzy probability p̃d could be written as

[p̃d]
γ =

[
¯
u− (1 + r)

ū−
¯
d

,
ū− (1 + r)

¯
u− d̄

]
=

[
e(aσ̃−(1−γ)ασ̃)

√
t − (1 + r)

e(bσ̃+(1−γ)βσ̃)
√
t − e−(bσ̃+(1−γ)βσ̃)

√
t
,

e(bσ̃+(1−γ)βσ̃)
√
t − (1 + r)

e(aσ̃−(1−γ)ασ̃)
√
t − e−(aσ̃−(1−γ)ασ̃)

√
t

]
. (6.10)

Recall the extended assumption manifested in inequality 6.5, which is

e−(aσ̃−(1−γ)ασ̃)
√
t < 1 + r < e(aσ̃−(1−γ)ασ̃)

√
t for all γ ∈ [0, 1].

Evidently, this assumption guarantees that both p̃u and p̃d are positive fuzzy
numbers.

It is hoped that the previous discussion has paved the way for subsequent
arithmetic operations on fuzzy numbers. If so, the only technical difficulty
remaining unresolved is the binary operation max on fuzzy numbers. In
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consistence with the previous work, the operation max will also be defined
in terms of γ-cuts. Formally speaking, for any two fuzzy numbers Ã and B̃,
their maximum is defined as

[max(Ã, B̃)]γ =
[
max(

¯
[Ã]γ ,

¯
[B̃]γ), max(

¯
[Ã]

γ
,

¯
[B̃]

γ
)
]

for all γ ∈ [0, 1].

(6.11)

However, implementing the above method imposes considerable com-
putational load, and the amount of additional computation could become
enormous when valuing an American-style option as the same operation
needs to be repeated at each time step. Therefore, for the sake of fast com-
putation and neat manifestation of option value varying through time, the
operation defined in 6.11 will be restricted on the cores (i.e., γ = 1) and
supports (i.e., γ = 0) of the fuzzy numbers under comparison. That is to
say, the operation max will be simplified to

max(Ã, B̃) =
{

max(
¯

[Ã]0,
¯

[B̃]0),max(
¯

[Ã]1,
¯

[B̃]1),

max(
¯

[Ã]
1
,

¯
[B̃]

1
),max(

¯
[Ã]

0
,

¯
[B̃]

0
)
}
. (6.12)

It is worth pointing out that

• The resulting quadruplet listed in 6.12 also forms a trapezoidal-shaped
fuzzy number. However, as a result of the simplification, its member-
ship function is not determinable from the quadruplet.

• The above quadruplet (i.e., the fuzzy number) is grouped using curly
braces {. . .} as contrasted to trapezoidal fuzzy numbers which are
conventionally given in parenthesis, such as Ã = (a

Ã
, b
Ã
, α

Ã
, β
Ã

).

• The quadruplet in 6.12 is arranged in ascending order, which makes
the arithmetic operations defined earlier also legitimate on it.

To sum up, the values of an American put option with fuzzy volatility,
σ̃ = (aσ̃, bσ̃, ασ̃, βσ̃), at maturity and intermediate stages could be deter-
mined as follows:

At maturity:

{
S̃in =S0ũ

id̃n−i

Ṽ i
n = max

(
K − S̃in, 0

) for all i = 0, . . . , n,

Elsewhere:


S̃jm =S0ũ

j d̃m−i

Ṽ j
m = max

(
K − S̃jm,

1

1 + r

(
p̃uṼ

j+1
m+1 + p̃dṼ

j
m+1

))
for all

m = 0, . . . , n− 1,
j = 0, . . . ,m,
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where Ṽ0 represents the price of the option, and the other parameters could
be given in terms of γ-cuts as

[ũ]γ =
[
e(aσ̃−(1−γ)ασ̃)

√
t, e(bσ̃+(1−γ)βσ̃)

√
t
]
,

[d̃]γ =
[
e−(bσ̃+(1−γ)βσ̃)

√
t, e−(aσ̃−(1−γ)ασ̃)

√
t
]
,

[p̃u]γ =

[
(1 + r)− d̄
ū−

¯
d

,
(1 + r)−

¯
d

¯
u− d̄

]
=

[
(1 + r)− e−(aσ̃−(1−γ)ασ̃)

√
t

e(bσ̃+(1−γ)βσ̃)
√
t − e−(bσ̃+(1−γ)βσ̃)

√
t
,

(1 + r)− e−(bσ̃+(1−γ)βσ̃)
√
t

e(aσ̃−(1−γ)ασ̃)
√
t − e−(aσ̃−(1−γ)ασ̃)

√
t

]
,

[p̃d]
γ =

[
¯
u− (1 + r)

ū−
¯
d

,
ū− (1 + r)

¯
u− d̄

]
=

[
e(aσ̃−(1−γ)ασ̃)

√
t − (1 + r)

e(bσ̃+(1−γ)βσ̃)
√
t − e−(bσ̃+(1−γ)βσ̃)

√
t
,

e(bσ̃+(1−γ)βσ̃)
√
t − (1 + r)

e(aσ̃−(1−γ)ασ̃)
√
t − e−(aσ̃−(1−γ)ασ̃)

√
t

]
.

6.2 Valuing the option to out license with the fuzzy
binomial model

As was discussed in Chapter 4, patent out-licensing has become one major
approach to capitalize on intangible assets for those operating in technology-
driven industries, such as electronic data processing/telecommunication com-
panies and technical services providers. Just to give the readers a glimpse
into the astonishing financial stakes in the smartphone-related patent license
deals, in recently disclosed data, Samsung Electronics Ltd. was reported to
have paid at least a staggering one billion US dollars in 2013 to Microsoft
Corp. as royalty fees for using the latter’s technology in Samsung’s Android-
powered devices. In addition to the increased earnings, granting licenses
could also prevent litigation, increase visibility on the market and facilitate
standardisation of a company’s products. However, out-licensing might po-
tentially jeopardize the licensor’s monopoly benefits, which is known as the
“rent dissipation effect”. There is, therefore, a trade-off between the two
patent exploitation strategies. In other words, the decisive factor in licens-
ing is “the licensor’s hope for profits from the exploitation of technology
that is not going to greatly disadvantage the licensor” [78], which, from
a real option analysis standpoint, could translate into patent proprietor’s
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flexibility to choose the maximum of self-generated profit without licensing
and licensing revenues plus the lessened monopoly benefits, which could be
theoretically approximated by an American-style option.

To capture the side effect on the monopoly benefits due to patent licens-
ing, a dissipation factor, namely δ, will be introduced. For the sake of gen-
erality, we represent it with a trapezoidal fuzzy number δ̃ = (aδ, bδ, αδ, βδ),
which satisfies 0 < aδ − αδ < bδ + βδ < 1. The aforementioned licensing
decision can then be mathematically expressed as

max(S̃, δ̃S̃ + L̃), (6.13)

where S̃ stands for the self-generated profit without licensing and L̃ denotes
the rolling royalties. It is important to point out the royalty rate determi-
nation is an equally complex task to patent valuation, and the conventional
patent valuation techniques, namely the income approach, cost approach
and comparable market approach, are also used for this purpose in practice.
In this thesis, it is assumed for simplicity that the royalty and the monopoly
benefits of the patent are positively correlated, and hence the royalty also
follows a multiplicative binomial process. It should be noted the assump-
tion that licensing royalty and patent monopoly are correlated is not new
and it refers to the early findings of Trigeorgis [92] who claims the similar
correlation is witnessed between a project’s value in its current use and in
its best alternative use (or its salvage value).

Assume that the volatility parameters of S̃ and L̃ (i.e., the standard
deviations of the rate of change of S̃ and L̃) are both fuzzy numbers, namely
σ̃S and σ̃L. The value of a granted patent together with the value of the
option to license (i.e., the extended NPV) could be determined by solving
the following system:

At maturity:


S̃in =S0ũ

i
S d̃

n−i
S

L̃in =L0ũ
i
Ld̃

n−i
L

Ṽ i
n = max

(
S̃in, δ̃S̃

i
n + L̃in

) for all i = 0, . . . , n.

Elsewhere:



S̃jm =S0ũ
j
S d̃

m−i
S

L̃jm =L0ũ
j
Ld̃

m−i
L

Ṽ j
m = max

(
δ̃S̃jm + L̃jm,

1

1 + r

(
p̃uṼ

j+1
m+1 + p̃dṼ

j
m+1

))
for all

m = 0, . . . , n− 1,
j = 0, . . . ,m.

6.2.1 Example

To demonstrate the implementation of the proposed model, I use a simple
numerical example of a fictional patent on an ethical drug. For illustration
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purposes, the life of this patent would be limited to 4 years after grant;
the risk-free rate is 4%; the dissipation factor, which captures the dam-
age of out-licensing, is assumed to be a crisp number 0.65; the decision to
licence or not will be reviewed on a annual basis. The (fuzzy) volatility
parameter of S̃ could be approximated by the implied volatilities of traded
options with the same maturity on major pharmaceutical companies. Ac-
cording to Schwartz [84], the average implied volatility for the call options
on nine pharmaceutical stocks is around 35%. In this illustrative example,
the volatilities of S̃ and L̃ are given as σ̃S = (0.355, 0.36, 0.035, 0.02) and
σ̃L = (0.31, 0.365, 0.03, 0.025), respectively. The corresponding upward and
downward rates (the jump factors) are

ũS = {1.377, 1.426, 1.433, 1.462} ,
d̃S = {0.684, 0.698, 0.701, 0.726} ,
ũL = {1.323, 1.363, 1.441, 1.477} ,
d̃L = {0.677, 0.694, 0.733, 0.756} .

Note that the fuzzy jump factors are specified by the quadruplet representa-
tion as introduced in Equation 6.12 for simplicity. Given that the NPVs of S
and L are 500 and 250, respectively, the binomial trees for the self-generated
profit without out-licensing and the royalty will be as depicted in Figures
6.1 and 6.2, respectively.

According to 6.13, the payoff at the maturity (i.e., at the end of year 4)
is

Ṽ 4
4 = {1935.122, 2208.468, 2448.216, 2675.679} ,
Ṽ 3

4 = {972.541, 1097.612, 1219.139, 1346.695} ,
Ṽ 2

4 = {488.879, 545.725, 607.336, 677.956} ,
Ṽ 1

4 = {245.804, 271.435, 302.675, 341.374} ,
Ṽ 0

4 = {123.615, 135.061, 150.903, 171.932} .

The up and down probabilities could be determined by Equations 6.9
and 6.10, which are

p̃u = {0.403, 0.461, 0.472, 0.547} ,
p̃d = {0.433, 0.525, 0.543, 0.649} .

The option prices at each earlier nodes are given in Figure 6.3. The price of
this American-style option at time zero is Ṽ0 = {575, 575, 635.663, 1332.238},
and its fuzzy mean value (i.e., the extended NPV) could be approximated
which is 721.43. The embedded flexibility to out licence the underlying
patent is therefore 721.43 − 500 = 221.43. That is, the value of the option
to license at any time before the patent lapses is worth more than 40% of
the NPV of the self-generated profit without licensing.
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500

{688.5639, 713.0903, 716.6647, 731.1423}

{341.9307, 348.8382, 350.5867, 363.0745}

{948.2404, 1016.9956, 1027.2166, 1069.1381}

{470.8823, 497.5062, 502.5063, 530.9183}

{233.8332, 243.3761, 245.8221, 263.6462}

{1305.8482, 1450.4195, 1472.3398, 1563.3842}

{648.4650, 709.5338, 720.2570, 776.3536}

{322.0182, 347.0983, 352.3440, 385.5258}

{159.9095, 169.7978, 172.3639, 191.4464}

 

{1798.3199, 2068.5602, 2110.3479, 2286.1126}

{893.0192, 1011.9233, 1032.3655, 1135.2499}

{443.4602, 495.0249, 505.0251, 563.7484}

{220.2158, 242.1623, 247.0543, 279.9492}

{109.3559, 118.4639, 120.8570, 139.0187}

Figure 6.1: Fuzzy binomial tree of the self-generated profit without patent
licensing
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{330.78245, 340.85628, 360.12850, 369.24520}
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{77.59174, 83.63490, 98.63843, 107.92763}

 

{766.21355, 863.90337, 1076.48988, 1189.70531}

{392.07805, 439.86195, 548.10174, 608.78241}

{200.62970, 223.95853, 279.06952, 311.51918}

{102.66394, 114.02993, 142.09004, 159.40704}

{52.53402, 58.05907, 72.34605, 81.56995}

L0ud

Figure 6.2: Fuzzy binomial tree of the licensing revenue

91



V1
0

V1
1

V0

V2
2

V2
0

V3
3

V3
2

V3
1

V3
0

V4
4

V4
3

V4
2

V4
1

V4
0

{575.0000, 575.0000, 635.6627, 1332.2381}

{778.3490, 804.365, 890.4269, 1585.8955}

{391.5192, 400.294, 443.5983, 798.3963}

{1054.0244, 1125.7792, 1247.3623, 1887.9079}

{530.0320, 560.0003, 621.3288, 950.3608}

{266.5931, 278.6717, 309.6156, 478.5124}

{1427.8931, 1576.4000, 1747.4702, 2247.5047}

{717.8285, 783.8124, 870.3140, 1131.2851}

{360.9445, 389.8756, 433.6250, 569.5613}

{181.5329, 194.0034, 216.1352, 286.8177}

 

{1935.1215, 2208.4675, 2448.2160, 2675.6785}
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{488.8788, 545.7247, 607.3358, 677.9557}

{245.8042 271.4354 302.6753, 341.3740}
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V2
1

Figure 6.3: The American-style option prices
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Chapter 7

Discussion and future
research

In addition to following the traditional routine in writing the final chapter
of doctoral theses/dissertations, that is to reaffirm the contributions of my
work and summarize the answers to my research questions, I would also
like to explain how my cognition has developed in my research period and
discuss how future research could improve my work.

My commitment to this research topic was prompted by the fact that,
in the wake of the evolution of patent from merely a defensive barrier to
financial asset and a form of alternative investment, the demand for reli-
able and systematic patent valuation has reached an unprecedented level.
However, the three conventional monetary valuation models for patents are
essentially based on discounted cash flow analysis, which proves to be effi-
cient only under such restricted conditions that the future cash flows of the
project under consideration could be accurately estimated and the manage-
ment has little discretion in adjusting its original operating strategy once
the project has been initiated, none of which, however, could be satisfied in
the case of patent. In other words, the distinctive characteristics of patent,
the remarkable inefficiencies as witnessed in the patent market and hence
the economic opportunities arising from these pricing inefficiencies hamper
the applicability of DCF analysis in patent related decision making and in
patent valuation. In Chapter 1, the major factors impeding its adoption
have been put under the microscope, which include the market illiquidity,
the poor data availability, discriminatory cash-flow estimations, and its in-
capability to account for changing risk and managerial flexibility.

These impeding factors, especially the first three as listed above, have
inevitably resulted in a situation in which one has not only very limited
knowledge and biased information on the possible future states of nature,
but little reference about what has already happened. Apparently, the un-
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certainty encountered in patent valuation or rather the uncertainty under-
lying patent cash flows cannot be simply assumed to follow a stochastic
process, and such a realization has really pushed me out of my comfort
zone and prompted me to delve into its nature and explore the fundamental
differences between this type of uncertainty and those subject to inherent
randomness. All these thoughts naturally led to my first research question:

RQ1 What is the nature of the uncertainties inherent in patent cash flow
estimations?

To answer this question, I first argued that there exist two levels of uncer-
tainties to be considered:

• The first kind stems from the imprecision and vagueness inherent in
human judgements, which, in our context, result from information
deficiency and the limited ability of human being in perceiving and
processing the available information.

• The second kind is derived from the discrepancies among the individual
expert estimates of future cash flows.

Further investigation revealed that both levels of uncertainties fall under the
categorization of subjective uncertainty, which differs from objective uncer-
tainty originating from inherent randomness in that uncertainties labelled as
subjective are highly related to the behavioural aspects of decision making
and are usually witnessed whenever human judgement, evaluation or rea-
soning is crucial to the system under consideration and there exists a lack
of complete knowledge on its variables.

Having elaborated the nature of the uncertainties in patent cash flow
estimation, the next logical step would be to choose an appropriate uncer-
tainty theory, which therefore raised my second research question:

RQ2 Is fuzzy set theory a feasible uncertainty theory to capture the patent-
related uncertainties?

To rationalize the use of fuzzy set theory, I emphasized on the fact that
fuzzy set theory facilitates a gradual transition from membership to non-
membership which enables it to outperform classical set theory and two-
value logic upon which probability theory is based in expressing the inaccu-
racy of human perception which prevails in patent cash flow estimations. All
the aforementioned mental work, together with the justification of fuzzy set
theory for this problem, have been elaborately depicted with text in Chapter
3.

As for the other two impeding issues as listed above (i.e., the changing
risk and managerial flexibility), one of the candidates capable of accounting
for them is the real option analysis. The reason for selecting it for these
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problems is rather straightforward: real option analysis implicitly assumes
that there is an underlying source of uncertainty (e.g., the cash flows from a
investment project and the price of a commodity) and explicitly captures the
value of future flexibility derived from management’s discretion to adjust its
operating strategy in response to the unveiling of the underlying uncertainty.
Naturally, the theoretical attractiveness of real option analysis motivated me
to scrutinize patents through the real option lens, which in turn systematised
my answer to the third research question:

RQ3 How to conceptualize and quantify the embedded managerial flexibil-
ity in a patent with real option analysis?

Accordingly, Chapter 4 has been devoted to an explicit identification of the
types of managerial flexibility inherent in patent-related decision making
problems and in patent valuation, and a discussion on how they could be
interpreted in terms of options. Given the wide variety of courses of action
available to patent applicants and patentees, I first treated patent applica-
tion and patent exploitation as a unity before I limited the focus to each
process individually. It is important to point out that much work still re-
mains in exploiting the practical use of real option analysis in the field of
patent valuation, and hence the examples demonstrated in this chapter can
by no means be said to serve as a comprehensive and complete collection
of feasible real option based valuation methodologies. For example, similar
to the compound option framework I have treated the patent application
and the subsequent patent exploitation with, in which a patent application
is filed for a new invention in the first stage and irreversible market entry is
initiated in the second, the characteristics of sequential investments could
also be witnessed in patent litigation, that is, the first option is to sue the
patent infringer and the subsequent option is to pursue collection of awards
from the infringer. Additionally, one highly sought-after research topic is to
employ a real game option approach in analysing patent-investment race,
which is triggered by the fact that “the optimal patent acquisition decision
represents a tradeoff between the benefit of holding the real option of devel-
oping the substitute product and the loss in profit flow rate resulting from
being preempted” [54].

Having justified the feasibility of fuzzy set theory and real option analysis
in the context of patents, the next task faced by me was to show how the
proposed techniques could be implemented in practice, or in other words to
investigate:

• the application of fuzzy real option analysis in patent-related decision
making problems.

I have been fortunate enough to participate in an industrial-funded research
project, the aim of which was to design patent application and commer-
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cialization decision making tools for our industrial collaborator, a leading
water chemistry company in possession of a large number of patent families
and a strong innovation portfolio. The mathematical models presented in
Chapters 5 are fully motivated by their industrial applications. For example,
two fuzzy logic based real option pricing models, namely the pay-off method
and the extended fuzzy Black-Scholes model, have been employed to inves-
tigate the profitability of a patent application project for a new process for
the preparation of a gypsum-fibre composite and to justify the subsequent
patent commercialization decision, respectively. In particular, the use of
trapezoidal fuzzy numbers which are derived from the cash-flow scenarios
provided by patent experts from our industrial collaborator makes it possi-
ble to formulate the internal uncertainties (i.e., the uncertainty stemming
from subjective judgements) in a straightforward way; the proposed fuzzy
real option models are capable of accounting for the external uncertainties,
which are implied and evolved by effects drawn from the future behaviour
of the real world.

Additionally, a patent licensing agreement is a highly lucrative instru-
ment available to patent-holding firms to benefit from their intangible cap-
itals, which therefore prompted me to also investigate:

• the application of fuzzy real option analysis in valuing a patent licens-
ing opportunity.

In Chapter 6, a fuzzy binomial model for patent valuation was proposed
under the assumptions that the licensing royalty and patent monopoly are
correlated and that the volatilities of the self-generated profit without licens-
ing and royalty incomes are both trapezoidal fuzzy numbers. A binomial
tree-based model was selected for this purpose because the option to license
translates into the patent proprietor’s flexibility to choose the maximum of
self-generated profit without licensing and lessened monopoly benefits plus
the compensation generated through licensing agreement, and hence resem-
bles an American-styled option, whose value could be easily approximated
with the binomial model.

7.1 Future research

It is very important to emphasize that the usefulness of all the aforemen-
tioned mathematical models depends largely on the extent to which the
embedded assumption match the characteristics of the investment proposal
being evaluated. Therefore, one direction for future research is to assess the
effects of any simplified assumptions. For example, it would make perfect
sense to propose a patent-specific discount rate, the unattended compound-
ness stemming from the series of nested options (e.g., the options to continue
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patent application after search and examination reports are published, and
the options to renew the patent at the end of each year in the post-grant
phase) should be reexamined, just to name a few.

Additionally, the mathematical models presented in this dissertation
have paid little attention to the potential upward bias of patent value. That
is to say, they actually assess the combined value of the patent under con-
sideration plus the underlying innovation asset it protects. Therefore, some
future effort should aim at disentangling the incremental value of a patent
from the overall value of the innovation project under its protection.

To sum up, this dissertation is merely the first step towards a rigorous
application of fuzzy real option analysis to patent valuation. It is neverthe-
less hoped that it will at least lay the foundation for any future exploration.
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