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g. 1.

Naturam Linearum Curvarum confiderantes, faci-
le invenimus, eas ejus esfe indolis, ut, dudtis
ad diverfa ipfarum punita taogentibus, plus vel mi-
nus ab his ipfis tangentibus decedant arcus, nullam-
que preeter circulom dari curvam, que eundem cum
tangente femper efficiat angolum. Hine quoque Cir-
culum ceu menfuram Curvaturze reliquarum Linea-
rum Curvarum ftatuerunt Mathematici. Per quod-
vis videlicet punétum Curvae cujusdam concipiator
Circulus, iplam Curvam in punéio ilto tangens, de-
{criptus, qui itaque in boc punéto Curvaturam ex-
hibet. Quumque insequaliter a tangente decedant
Curvae, Radii quoque Circuli tangentis vel ofculato-
ril, ut etiam nuncupatur, insequales evadunt, nec in
idem punétum extremitates ipforum coire posfunt.

Heee ipfa Radiorum Curvaturse proprietas an-
fam fuppeditavit Mathematicis, Locum Geometricum

pre



- S N

ro centris horum Radiorum inveftigandi, & HU-
GENIUS (%) primus naturam inveltigavic hujus Lo~
ci Geometrici, nomenque illi dedit Evolute, eo ex
fundamento, quod, pefita Evoluta GOR data, fi fi-
lum AGR perfelte flexile illi circumplicetur, ita ut
portione: 4G fuperet Longitudinem arcus Evolute
datee GOR & iterum. fuccesfive ab ea abdueatur, ex~
tremitas: ejus 4 (extenfo filo in retam JM/R) cur=
vam aliam: 4 deferibits aleeram itaque harum 40T
ex evolusione defcriptam,. alteramque 4GOR Evolu-
tam vocavit. Pelt iHum, doétrinam de Evolutis o-
mnes. fere Geometrize Sublimioris Cultores tractave-
runt, quo: fatom eft, ut formula jamy exftet gene-
ralis,. cujus: ope,. data sequatione Curvee, dabitur -
quatio Curvae: Evolutze. Has vero Evolutarum ze-
quationes in quovis cafu a formula generali non abs-.
que: omni difficultate deducere posfumus; quamvis e-
nim: pro- Parabola absque prolixo: calculo: determina-
ri posfit quatio Evolutze, res tamen aque facile
pro- Ellipfi atque Hyperbola non: fuccedit.  Quo ita-
que commodior ad @quationes: Evolutarum Sedtio-
num Conicarum inveniendas pateat via, in fequenti-
bus fpecialem pro his Curvis folutionem , Specimi-
nis Academici loco, adferre nobis propofuimus..

§. 2

(#) Cfr.. Hiftoire decs: Mathematiques par MontucLa, Tom,
- M, part, 1V. Liv, I, p. 129, ' '
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Lemma 1. Si ex quolibet pun&to M cujusvis
Secltionis Conicee ducta fit Linea Normalis J7/V, quee
axi conveniat in [V, & ex aliquo foco F, duto ra-
mo ¥, in ipfam ex V ducatur perpendicularis V1,
erit portio #/0) equalis Semiparametro axis. (fr.
GVIDONIS GRANDI OSynopf. Sect. Conicar.
FPropof. 31

Lemma 2. In quavis Seftione Conica, fi fuerit
Parameter axis = 2 p, N FMN=1w & Sin. tot. =1, erit

JIN = gr In & HDN redangulo eft JIN: MD::

M D
i: CofD./WiV.unde MN= C?_; DMN = Cof 35 (Lemm. 1).
§-3

ProBLEmA. Si fuerit Curva AJ feftio quee-
dam Conica, cujus vertex 4, Focus F' & Axis AP,
invenire sequationem Evolutze pro hac Curva.

Sumto pun&o quodam J, ducatur Radius Cur-
vaturee R, eritque (§. 1) punétum R in Evoluta.
Sit Parameter axis = 2 p, erit £F, Perpendiculariter
duta a punto Fin AP, equalis femi parametro = p
(Elem. Seé. Conic.) Fa&ta 4G =p = Radio Curva-
turee in vertice Sedtionis Conicee, ftatuatur punétum
G origo Ablcisfarum &) GP = x, duftaque PR nor-
maliter in AP fit PR= y; fumta preeterea Pp infinite

~

2 par-
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parva, ducatur pr parallela ipli PR & RS paraﬂela
axi ablcisfarum AP, erit Pp = RS = dx & Sr=dy.
Pofita AF =m, habebitur, exiftente Centro Ellipfeos

atque Hyperbolae in C, axis harum Curvarum Ma-
FEaag L h— )

jor AC=g= ;m— & FC=e= =7~ . Sit de-

2m-p

MN3
inde > FUN=w&PNR =@, erit R} = pz. - (Elem.
Seét. Con)y = *&07 = (Lem. 2) & Sin ' = ; Sin Q=

TP Fm

.5uw("———. Dafta. enim Ordinata HQ Curvae A, erit

/4

(GV‘D GRANDI Synop/. Scﬁ Comr pr. 33. Cor, 2)
2C(Q: CNyuade CN =¢ _~& F'v =t CF#

2>

CN =+ ¢ C2.  Eft'vero FJII~+a+€CO i

a* @

itaque ponatur MF: FN:: azefeas a %22, .

@
e T CQ v gs g, erit + Tl 6= 1+ g 24 C2

a . ‘HH a 5
fumto videlicet produfto extremorum ac mediorum

terininorum, qua itaque squatione veritas propors

‘tionisabunde conftat. Erat vero R/ = ﬂ_/{‘\_f: =AY
! iy nEof-mi”

a—deo(lue RIV RM - M‘,"Yf ﬂ]ﬁV(’d‘V SRy N Cp/
of w?

——
-
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s P =y CI_*;C"J » =257 »* Eg 'autem
‘Cof » Cof w? / €of w3 :
in A RPN, NR: PR;:: 12 Sinr@ yunde iPRi="y =
NRSnz ,,_pSm'zv Sin @ = P Sin w7 pmw Tg'm

flﬁ (+p+o’- CL"H’J “r[)|f}j
ex qua eqv. habebitur Tgiw= l/ﬁi_/)_'fj"’;lz & pofita
p
+hT % Y = Tg J’I?
050 = ¢ erit Tew = g7y &Sinw={ —=== )
p Vm*'!gw
= q—:L___ —. Ex fupra demonftratis habetur
V Lk g} y?

m Sir w  Sin » yg;
Sin @ = =TT T e — &+ (1]

tpFm 14 pg?v1+g3 >

y> -

deCOf@z—‘:I-——Si.’-t@z:I—; e -
£;7YR(E HgElly )

£ GEg Vil it BT
P i (1kgs y* Pt (1kgT y7 )

{8l 3T el Ll
& Cyf = 121 Fp g — 1)y " Adeoque 7@
? ‘]"7 v_[ e f’ jl °

SZJ’Z@ y’?’ P? 1/1 ,I.. {(1 J;?

— e e

C 2 =
Y Vig g5 yi ‘/p FEP g -~y
A 3 —
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7
Vp grwp g -0y7
sulo eft RS: Sr: 1z Tg@, feu dx: dy:: 1:

: d-
j’: 2 3 2 :‘undedx=—j;,f1/p2 ;:',{_,.f 2 .z.l. z;.,
.\(PJ- Q'T'HP _17'“1))"3*)? y7 q- \_P q b EE

. In A RSr ad S re&an-

s
.

— e .

ex qua gequatione iqtegrando eruitur ratio inter co-
ordinatas Evolutae Orthogonales & & 7. Seorfim
vero in fequentibus pro quavis Seftione Conica in bu-
jus zxquationis integrale inquirere juvat.

Scuor. Problematis inverfi, quo ex data E-
voluta GO R atque Longitudine fili /GOR, curva

AN ex evolutione genita inveltigatur, folutio hand

Duéta etenim Linea RH ipfi AP parallela, pro-
ducatur //Q ad H & ponatur 4Q =z, AG =&, MQ =,
GOR = s, manentibus reliquis denominationibus; erit

-

PV Subtangens Evolutze = Jjgy— atque VR ejusdem

Hrnglou 2 alx
linea m%ahs, cujus valor generalis = 3.'_(1”.%'*“].? I
%
guarum ope determinantur JJH = v + y = MR P&

.
gt
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_TET b g pgepgo MNP FRE dr
e Rdyty - xS T (dx* 4 dy*)E

Eft autem AQ=2=AG-+GP-PQ=p-tx-b ¥ 5 d¥

(dx> 3 dy*)=>
adeoque ex data sequatione Evolute, fecundum re-
gulas confuetas eliminari posfunt ¥ & 7, novaque
exfurgit aquatio, relationem inter coordinatas & & v
Curvee A M orthagonales exhibens.  Cfr. ABR.
GOTTH. KASTNER anfangsgriinde der Analyfis des
unendlichen. Gotting. 1761. p. 529. 530.

g 4.
~ Si fuerit Curva AJ] Parabola Conica, erit, du-
&a ordinata EF per Focum F, EF? =p* = 2pm feu

p =2 m, adeoque pg* ~1= 2 2 —2%) =0 Aqua-
E

tio itaque differentialis dx = @’V 0% (P gt —1)yr

10 1taq 1terentialls ax = _y;" pig’ 'f*(ff'f ~1)y%

pro Evoluta Parabole in banc redigitur formam:

2
dx = _Z__fl, fumtisque integralibus habebitur, fa-

T

'y,i-
&a corre@tione, x =o=y,x =32 7" V7 feu
2
= 270 W = 2P obigt == R few ot
8 g P°

==



W) 8 ( W

e= 8227, que quidem elt ®quatio ad Parabolam

27
Semi Cubicam, vel ut etiam noncupatur, Neil-
lianam. Ubecriorem vero in naturam hujus Curvee
inveftigationem eo ex fundamento omittimus, ‘quod
fatis fit cognita; dixisfe {ufficiet eam ejus esfe indo-
lis, ut ad diftantiam a vertice 4 ipfius Parabol« =p,
feu in ipfa Origine abfcisfarum G, punétum babeat
cufpidis.

Scuor. Sijam ope Scholii in §. preec. allati in-
veftigetur curva ex evolutione genita, data parabolee
Semi cubicee aequatione ay> =x’, fequenti modo pro-

3
. x?
cedendum. Eruatur valor ipfius ¥ = —; adeoque dy
az ‘
) b3
3xz dx yn’x L PpE 24> 2%
& — s = — &
ol s § 3 fdx 3
3 g x T
dx® 3 d" z I+ 9% T 24%
w( 'y — dx. g = = ==
L a_, 4” 8x:dx
(1a % 9x)% M]? PP
p ‘.iﬁ-r_ adeoque v = —o»— —9({. 3%Schol.)
(34%)
3"ci pks :!n% pts

T R A R R aum-
CEE DK (92 =+ gqa) 2
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. e /9% ¥ 4 a\T
que femper fit s =f(ffx’+dy')’_=ﬁx e
24>
E

= 2 . .
gyt b ;8— a falta debita correctione, ha-

27 4% 27

bebitur, fubftituendo loco s ipfius valor jam deter-
T (27 ﬂ:T P+9‘r.{44ﬂ%_ Q ﬂ%)
27 ﬁ"} (9 X4 [1).;
g2ilay a= j}+9xq.4a% ~-Qa =2
A &z=p + x— 27 B )

9]

minatus, ¥ = 3 X sl

_ 277 (9& & 4a)%

(B) unde, comparando sequat. (A) cum zquat. Evolu-
te 7 = ay”, (C) exterminatur # & pariter comparan-
do zequat. (B) cum aequat. (C) eliminatur x, quibus de-
mum zequatio relationem inter ¢ & 2 exhibens deter-
minatur. Hine vero jam videtur, varias pro diverfo
ipfius p valore exftare Curvas, omnes quidem inter
{fe parallelas, diverfee tamen indolis. Si ponatur
27 p = § a, equat, (A) in hanc reducitur formam:

F

’ Az Xz 2 8a
y — 4 _2__ N 2= pe P e S b gl uns
9 27
de exterminando x, habebitur v = 167%  feu equa-
27

tio ad Parabolam Apollonianam cujus parameter ==
3 a. Cfr. KASTNER /L ¢. Eodem modo res fe quo-
que habet cum reliquis Curvis, ex evolutione Evo-
Jutarum Sectionum Conicarum genitis, quapropter

ube:
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uberiorem hujus rei explicationem in fequentibus o-
mittimus..

§. 5.

In cafu quo arcus AN fuerit portio Ellipfeos,
vel Hyperbolae, Evoluta harum Curvarum habebitur

vl

integrando sequationem: dx = - 774 @ -1y

erltquex-]- p 7 (P i +{) z _Uﬁ> o=

2
B

Njw

L
quatione ita corre&a ut fimul fit x=o0=y. Si itaque
loco quantitatis g, fubltituatur valor ipfius, in El-

lipfi= £2—"™ habebitur, du&is fingulis terminis in

pm
o P e 2
D — 28 e duatio) Exolotes" 22 =2 8 ¥ s it
> > m2
2 —— 2 3
T D AT p(p—am) y7\*
== (P p4 + pmz J ) : Sumendo
w3

vero quadratum hu]us gequationis, prodit,evolutis ter-

mmls,f’ p-——zm x* +2p p—2amnm. p—m. x
m? W’
. o et T
P —m P p—m & 3p7. p—ma p—2m. y?‘
“ 4 S= 4 3 I4
m n w3

ok
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-[-3_13%_. p—m3, p_—:mz,y +p3.p:;;;.y‘

illamque per m* multiplicando & p* p — 2m divi-

2

. 2 ——— ? =
dendo ervitur p — 2m, x —op— m.x— P L—2M )
m*
S L o e I e
o ( 307 p— 1} y;) (P = T g P—hm.y’).
ms T

Hinc autem jam videre licet, curvam hanc in fpa-
tio finito conftitutam esfe, & quatuor habere pun-
¢ta Cufpidum, quorum unum in axi Ellipfeos ma-
jori ad diftantiam a vertice = p, alterum vero in
puncto quo Evoluta axem minorem tangit, & reli-
qua in regione ablcisfarum’ negativa, ad eandem a
centro diltantiam, qua fita funt punéta jam nominata,
Hoc vero calculo ita evinci poteft: ex @equatione

—2 2 —_— —_—
pp—2m y 1 pp—M (pT.p.__mT_l_p.pu—zrzz,‘y?-\ 2
mw> m* m';' m> 3

pofitis brevitatis causfa p'f"“:z.f’f =B & P p?_”i = A,
m o
fumatur valor ipfius y = ((Bx - zf%) S .4)% &
((Bx ¥ A%)3 — 4) Bix
(BxtAd?) 7
B2 ddy

dy == atque
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i ; AB* dx* y
de T . 3 .4 . 3.2 $i2
g(BadA2)y ((BrxrAz)Y — 4)2
expresfio fecundum regulas in Geometria fublimiori
traditas, nihilo sequalis eft ftatuenda, quo facto, duo

eruuntur fattores B x -~ A% =0-&(Bx+rff) ¥ — A=0

3
unde x=- “° & x = o0, quibus intelligitur alterum

Haec

punétum cufpidis in ipfa origine abfeisfarum G, alte-,

3
rum Vero ad diftantiam ab hac origine == — i;;,
quam, reftitutis ipfarum 4 & B valoribus, s:qualem
. 2 —_— i i
invenimus — ( ﬁ:‘__)z Pl S ey e

p-2m” 2m-p  2m-p
Sed du&a ordinata per punétum C, incidit haec ipla
in axem Ellipfeos minorem, adeoque alterum puon-
&um Cufpidis erit in eo punéto, quo Evoluta axem
minorem tangit.

Hanc Curvam ablolute re®ificabilem esfe, exin-
de patet, quod femper fit sequalis differentiae inter
Radium Curvaturee & femiparametrum axis majo-
ris = R — p.

§. 6.
Quo vero pateat natura Evolute Hyperbo-
- lee,
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e

lae, refamatur j}:qh, §. 5. [inventa o= SR i G
gk

.___P? '}‘(P?“——l‘y‘\f dudts el
( e — J s quee dutain p*g>— 1,
dabit (jfg —I)X -+ p: g’ :(p’([? —}{p“_{z‘r”‘ —1)!]‘?)%
cujus deinde quadratum [umendo, prodit, terminis rite
evolutis (p*g°~D2 x> . 2(p>q>~ L p’q* x ¥ p°q =p°q* %
G et @ -0y e (e -1DyT) = (p*g-1)y®
& divifa mequatione per p*g* — 1, faltaque debi-
ta 1cdu&ione habebitur (p*g* — 1)x* 4 2p1g= x ==

—————— e

e ¥ @Dy ) 1. J“
Erat autem pro Hyperbola quantitas ¢ = (§. 3
m — p p (p— 2ur)

Cpm adeoque pg* — 1 = s unde fa-
%
&a fubftitutione erit 2.2 —2") w2 1. 2p m—px
m* m>

——

Avt2dde 4 2 2:
3m—p3p3s y3 (m—pipi e P rp—zm)ys)
D ——— e ——— . — 1 ———— o -1--—-—-..

s o ™
i s e 2 o i A 2
g P72 2m)" )7 & dudta aequatione in 7 pro-
m? ?

2

dit =quatio Evolutee p— 2 m %* - 2m —p %

B 3 i e
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e £ e y 2
- 3m3 m—pTy¥ <m — p3 P 1 p(p—2m:? ys
P w* " )
i p p—2m * y*
w*

Determinata vero jam zequatione Curveae, ad
indolem ipfius inveltigandam pergimus; & videndum
nobis primo erit, an & qualia puncta fingularia haec
habeat curva. Exiftente itaque ¥ = ((Bx-%./i’%')?z- A)”f

. g p—2m T om—pt
fadtis breyitatis causfap 4 Z—ZB&B-————E = A
> <+ >
ms
(( Bx 4, 4%5)7 — A)=

(BxdAZ )3

AB dx®
3(Bx+A% ) (By % A7 )5 — A=
unde duo erni posfunt factores (Bx - 4%)% = o
2 o3 Sl : s 10

&K((Bx+47)* — A4*)* = 0 quorum alter indicat pun~
¢&um Culpidis esfe in ipfa origine abfeisfarum @, ubi
x = o & alter ejusdem generis punétum inveniri in

habebitur dy ==

Bix &

ddy == =9

Hyperbola oppofita, ad diftantiam a centro = — A

e (m— )i:(ﬂz-—-p)z _ m?

p—2i 2i=—p  2m—p

——e=r
Ex
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Ex allatis liquet, Curvam hanc quatuor ramos in
infinitum excurrentes, habere; an vero etiam Afym-
ptotos haheant rami, calculo nobis jam eft invefti-
gandum. Calculus Sublimior tales nobis exhibet *for-
mulas pro invenda origine Afymptotorum, ut fumto
st XF e *
valore £J7¥F x (prout ipfa Curva refpe¢tu Axis

Ablcisfar. Concava fuerit vel convexa) in terminis
ipfius &, pariter ac ipfius y — fi_”r?’,ﬂatuaturxz w,
fi valor finitus fuperfit, bic idem valor determinabit
punctum, e quo prodeunt Afymptoti, & angulum,

quem cum Axe Abfcisfarum efliciunt. Ex zequatio-
ne autem Evolutee habebitur, retentis iisdem deno-

minationibusac antea y == ((Bx-+4%* ) — A)*, adeo-

que dy == BUBxx A )"3-:-4)? de e T4
(Bx & 4% )3 dy

(Bx % A% )3

BBx¥ A% Y7 -AF dr

((Bx % A% )5 —A4) (Bx + A3 )T
B

presfio,” pofita ¥ == co, evadit in hanc formam :

T Ay e " i K
X — B_};'_T- B3x7 = Bx — Bx, quee, cum infinita {it,

e=x - ((Bx 47 )‘Zf—— A= dx.

ol

; quae exs

eriginem Afymptotorum exhibere non poteft. Ne-
que
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que fitum ipfarom ope alterivs jam allatee formule

y — ¥dy Jeterminare posfumus. Fa&a etenim fub-
ax '
ST : xd Bx((Bx &+ A2 Y5 -A% dr
ftitutione, erit y — T oy _ ot ?) ,
4% (Bxs A%y dx
3, 2 3 Bx((Bx-%-./[%)??_/j){-
= ((Bx~+A°)F — A)* — -
((C _ ) ) i ?
: Bx Brxv
unde, ftatuendo x = oo, eryitur Bx — _.f._fl__’_‘;_ =
B7 ey

Bx — Bx, quibus intelligitur, Corvam hanc Afym-
ptotis deftitutam esfe,

Quod vero ad reétificationem hujus Curvee at-
tinet, illam facillime esfe inveniendam, ex inde pa-

tet, quod femper fit ipfa Curva == R — p.

-



