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ocuit olim Eucripss (Elem. Geom. 111, 35, 36) in-

fignem hanc Circuli proprietatem: S binw reffe
AP €3 AP’ ei occurrant, illa tn Punftis P, € P, , hac
tn punilis P & P, esfe conflanter AP, X AP, ==
AP, % AP, De quo generalius conftituendo Theo-
remate, ita nimirum, ut lineas altiorum quoque ordi-
num compleftatur, motam poft eum a nemine depre-
hendimus queftionem. Quare concepimus animo, ma-
teriam hancce, cui pertraétandze quidquam tribuatur o-
tii, minime indignam, noftra qualieunque verfatam ma-
nu edendi publice confilium,

1. Sit igitur, fumtis coordinatis orthogonali.
bus Op == x & Pp ==y, aquatio generalis pro lineg
Geometrica ordinis 7, per punétum P transeunte,
F (%, )7 =0 (%) + F (%, )= =
xr —{—Cr.;.,x""_t/—.}---—}-Cx.r-:x?}f"-]-C""y"-l—F(x,y)""::Oi
exprimente videlicet Flay) funétionem ejus naturze,
ut it ' (x,y)™~* == 0 equatio generalis pro linea ordi-
nis r - 7. Fiat porre refta 4P ==y, angulusque, quo
ad axem ablcisfarum inclinatur == »; duta denique
perpendiculariter in eundem axem recta A4a, ponatur

a =



Qa == & Az — . Quibus pofitis liguet fore x — 2 =
uCofv&y-f==uSinv Undex==ulofv 4o &y=
u Stn. v - 3. Qui [i fubftituaatur valores in @equatione
F (x,9)" == 0; obtinebitur F(u Cof v 4w, Sin. v4-)" ==
© (s Cofvf-o,16Sinv 4-3) 41 (s Cof-v4-ays Siny-4-3) 1=
(uCofvta)—Crir(uCofvta) -uSinv+p)-4 . ACrrs
i Cof.v4-a)i(uSin.v4-B)*4-Corr(eSinv-p ) - (Cofwr
+ oty 6 Sin v 4= B)7-F ==ur (Cof. v 4= Crsr Cofiv™+Sin. v
+vo - Crrr Cof. v Sim 7t - Co.r Sinvr) 4-f (,0) J-a” -
Lo r.r oI B' -—I— .o —{—'le rp %/3""‘ + Co.r ﬁr -{"- 1’1(1,!3)": == U
@ (Cof-v,Sinv) - (uy v )44 (ay 3) " == 0, compreheniis
brevitatis gratia fub formula £ (#,%) terminis omnibus
formee C.ymin" Cofwm Sin.v™',in quibus fuericm--m'<sr.
” coigzone e} iy D

inc vers exiurgit cequatio: u" -~ & (Cof-v, Sin- ) -

F (2 B . i
e Cofw, Sinry =Cu-w,yCu-8.) .. (u-4 ) =0, fumtis
S,y U,y . Uy pro radicibus sequationis inventee. Quippe
quae , cum ejusdem fit ordinis ac ipfa linea propofita,
aperte prodit, lineam quamvis ordinis 7 a refta qua-
libet 4P in tot fecari punétis P,, P,, .. P,, quetnu-
merus 7 continet unisates, dum feilicet radices fin-
gule w,, #,, ..ur, reaies manebunt fimulque inzequa-
les. Deinde vero pasetfore 4P, . 4P, .. APr ==

== U<V
U, 4, ..Ur —-—@( CO_[-L‘,SZ.H,U)‘
cafe numeri # paris.

, admisfo figno fuperiori in

Quod



e s o
Quod fi jam altera eidem lineze occurrat ré-
&a AP — w, cum axe abfcisfarum faciens angulum
v'; pari omnino efficietur ratiocinio esfe

ey A, R e Y
%t GG Sine) T QCoL Siny -y
(u" u't'} =0y & d’ehinc j- F(a’ B) : ! u!r

@(Cof-v,Sinv*) ik
= AP, « 4P fiiioedPrrsini

2. Quibus fic conftitutis, jam queerere Jubet:
quo generalt dignofcatur  charatfere ea linearum fami-
hia, i qua eff AP, . 4P, . . . AP. == AP..
AP, . . APy/2 Moex vero patet, huic conditioni non
nifi una bac fatisfieri posfe ratione, quod nimirum

FC By  _ F(p)] )
@ (Cof.v, Sin.oy = @ (Cof. v, Sin. v"
Quare fit oportet ¢ (Cof. v, Sin. v) == @ (Cof.v", Sin. v+)
quantitas conftans pro quibusvis valeribus angulo-
raom v & 7. Fafto autem 2 — o, aperte conftat
fore @ (Cof. oy Sin. vy = Cof v 4+ GCr.:.,
Cof. vrr Sip. v' 4~ . . 4~ Cprs Cofs v" Sitt. vr1 -
Cor Sin, v'r unitati zqualem. KErit ergo conftanter

@ (Cof. v, Sin. v) =1=(Cof. v* 4 Sin. v*)7.

reddatur

- . f r z . 2y,
: Quia vero fun&tio (Cof. v* J-.Sin. v’); fe -
rie finita terminorum forme € Cof v~ Sin. vs ex-
hiberi



hiberi nequit, vifi adhibito pro 7 numero pari; id-
circo liquet, nullam omnino lineam ordinis imparis
2n-41 queefita illa gaudere adfectione, quod fit #, #,.
i quantitas conftans.

Fiat igitur r == 2 #; eritque @ (Cof. v, Sin. v)=
(Cof. v* =+ Sin. v}, Unde @ (x,9)= (&4 +1*)".
Quo adhibito valore obtinebitur demum zquatio ge-
neralis pro familia linearum quzfita:

& 4 )+ F % )P =

3. Sit e. gr. n == 2. Quo fubftituto valore in
sequatione (x* J- y*)* - F (%, y)** = 0 emergit
(#* F5°) - F &, 97 = (x* 43)° F C,.. 5 +C...
2*y 4 Ciz x 9> - C..y ¥ -+ Chio 3* 4= Crx ¥y}
C.. y* 4 C,c x 4 C... y 4 Co.. = 0, sequatio
generalis pro lineis quarti ordinis ita adfeftis, ut fit

F (o, B)*

4, . 1, 4, quantitas conftans, fmhc“::((,*a/yz-win.vl)‘
== (o + Bz)z cv-o x? + czct o® B + vaz “ﬁz_f_

co'g B’ cz-o 2 Cl'l Co‘z, # C:'G
Gy o 8 WD MR SRl i G ot

4- Fiat jam # —=n, 4~ n, .. 4 nnm & po-

patur fimul (x> 4 #°)" + F (x, y)ns -z [(6* J-y*)n
+ F(x$ y)’”:"] [(xz +y2)u2 + F (%, !/)"‘z"] LR
[(%* 4 #° )%= F (%, ) 1]. Unde, exaequatis in-
ter,, {e coefficientibus terminorum homologorum in
utroque



o= 7 =

utroque @equationis menbro, tot exfurgunt sequatio-
nes, quot in funétione F (x, )=+ deprehenderis co-
efficientes indeterminatos, h.”e. # (244 1), qui nu-
merus conficit fammam feriei 7 4~ 2. . 2n.  Si-
mul vero obfervandum, numerum coefficientium in
funétionibus F (x, i) = -5, F (o6, )= -7, F(%,)""m " *
fingulatim fpectatis esfe n, (2n, 1), 0, (en, - 1) ..
#im (21m - 1) refpe@tive, univerfim autem fumtorum
fore==n, (2n, 4-1) 4 n, (28, +-1)+..41tm (20 4-1)
=20+ n+.. 4 5n)4+ (1, 40, 4. d-20)
Aft cum hic numerus fit inferior numero iftarum -
quationum, quibus coefficientium prioris membri de-
pendentia a coefficientibus pofterioris defcribitur; in
propatulo eft, eliminatis dictarum ope =quationum
coefficientibns pofterioris membri, perventum iriad
Xovas equationes, quarum numerus == n(2n 4 1) —
2 +n 4. . Fn,.)°— m, +n.+.. ) =
2n® Fn— 20 +n . fnty)=(n, n, F..
) =20, F+ 6,4+ .. 4 ) — 22
+ n 4+ . . 4n's), queque coeflicientium fun-
étionis /' (x, )+ mutuas determinant relationes.
Quare funétio (x* + y*)* -+ F (%, y)** haud erit re-
ductibilis ad formam ((w*+y°)s, + F (x, y)2n1) (x* 4=
gy + FQ )ty (67 4y )rn + F (%, )0 1)
nifi quoties coefficientes, in fun&tione (x* - y*)» 4-
F (x, 7)™ obvii, iftis congruenter zequationibus fue-
rint definiti. Quod ubi evenerit, ex Theoria curva-
rum conftat, &quationem (x> 4 y*)* = F(xy)»r=0
unam non exprimere lineam ordinis 27, fed {yftema

quoddam



R 1 e
quoddam ex 'w; lineis inferiorum ordinum, ope sequa-
tionum: (%* =+ y* ) + F (x, y)encr ==0, (0 4y 4=

F(x, 9) 2 I==0,... §x3-|+yz)”ﬂ 4~ F(x,y)mm~a= 0,
figillatim defcribeadis *).

5. Quod

¢) ln gratiam tironum obfervasfe juvabit; fupponi heic 2
nobis cum fan@ionem (y* - y*)x - F(x,y)2% tum fia-
gulos ejus faftores ita comparatos, ut evanefcere posfint.
Quod fi fecus acciderit; ®quationum (x* + y*)» -+ F.
{x, y)zn-.r =SOSR _*_yz}u’ + F (x,y)m I == 0,
(x> 9%) ma = F (x, y) a,1 == 0, &c. aliqua falta
ablurda, linea quoque hac exprimenda evadit imaginaria.
Sic fi fuerit (x2 < y2)» + F{x, y)ens == (x0 3 Fr.,
@EIe)® f 2 (@ y o Fars @, ) - BOD

I .2

(xnz 92 o= Fros {2, y01)* -, .4 ’-‘i’f”l?-'—'-j (¥yn-t

1oz, 00(n-1

= Froya (x, YIn-2)® - (yn ~f= Fomnz (x,y)n-:)z-‘[—A’;'
mox patet ablonum fore, ftatuere (x” |y *)n o Fxy):n-Ize.
Cum enim finguli fun&ionis hujufce termini, utpotequa-
drati, negativos recipere mequcant valores; non poterit
aggregatiun ex omnibus evanelcere, nifi falis fingulis
== 0, Ponendum igitur effet 4> == 0, quod repugnat,
Si e, gr, in zquatione x> 4 y* taxx - By o
== o fuerit ¢ qvantitas pofitiva > § («* -4~ 5*); erit,
fimo 4 =V y — 3 @ -B°), x>y F ax
TRyt rv=@t ) +-O+:8) +v
— e’ F+BH=(r4 1)+ O+ :8) $

* == o =quatio- pro Circulo imaginario, 0 videlicet,
cujus radius = A y/ — 1.




8. Quod fiin fun&tiene (x* - y*)* - F(x;y)%2
= [(6* o ¢ o+ F €y yyn] [(6° +9°).
F(xf !/)*"z."]_- . E(xz + yz)”m + F(x: y)‘-‘”m' :‘], ﬁlm-—
tom = n,fiat #, == 9, == . . == #t» == 75 fingulos
emnino propofite funétionis factores induere for-
mam x° + _f/"z - C;".a x + CJ-B Yy + Co-ov vel ilmle'
pon monente, patebit. Quare, cum aequatio: x° -
Y <k Cro % 4= Cor 9 4= Coo == 0 pertineat ad Cir-
culum., exhibebit hoe in ealu 2quatio (x> = )}
F (x, gy == o fyllema ex meris Circulis,quorum
numerus #, conflatum. ZEquationum vero, quibus
eoeflicientes functionis # (%, #)..rinter fe coheerent,
erit numerus = 28° — 2a == 28 (n-I).

6. Sie, ut in exemplo fupra (n:o 37 allato
maneamas, § ponatur (x* <« 1°)* -+ Cpo %° L C.s
% f b Con % F b Cor 97 b Coo 3 obe Co 'y o
C,.s‘ y:z “t Cro % - Cor 4 = Coo == (% == y* -
Cro % + Cory + Cuy) éc F 1y e Oy = Cr, s
Y (...} equatio 1(;,vc"‘ . y* ) e (,3..., %° o Cr %°
g + Cuxy* 4 Coy i 4 Co & $Crs %9y 4 C.,
¥, 4= Cro x 4« Cor y < Coo 2= 0 binorum {yftema.
ti Circulorum deferibendo inferyiet, quorum unus
exprimetur equatione x* - y* 4 Cp, x 4 C,, y
o Coo == 0y alter mquatione x° 4 y* 4o O, x
4+ Gz i Crgp == 0. Jam vero, aequatis fibi in-
vicem cocfficientibus terminorum correfpondentium
In utrogpe sequationis membro, obtinebitur C, —

¢,.,



Cris =F C“'ma Cix = Cox - C"o.-n ‘a.z':'— C’L.‘r"‘F‘ C’"r—-oy
C,.g == C’G-I "‘“}‘ C‘IO.I, C.‘?,o o C'b.o + C‘"’.o + C’j;g;
-Cnl_,, Cz.: e C’o.: C";.o + C"I-O' C"o_r, Cﬂ.z == (. "I"
C”o.o + -‘C:“ ‘CHO.I'.' ('G-o == C'o.o .e'ho + Cfr.o -@;o.or
C,_; = C'o.a ‘C”o.r + C'o_: AL e denique e Go_,,.
€. Quod fi ope harum decem =quationum eli-
minentur fex quantitates €., Cozy Cooy €iry, €y
€', perveniendum eft ad quatuor zquationes, quee
folas contineant quantitates €., €., &c., coeffi-
cientes nimirum terminorum funétionem F (x, o)}
eomponentium. Cujus rei ratio ex formula fupra
(n:o preeeed.) exhibita facillime reddi poteft. Erig
enim, fadto 8 =2, 20 (W-I) = 2. 2. (2-1) = 4




