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------ Methodus direffa tangentium ubique facilis,
inverfu gencralis nulla, ejusque loco tantum particulares
dari poffunt regule, quarum qui plures collegerity is
optime de hac Methodo meruiffe cenfebitur.

Jac. Bernouvrrr Opp. Tom. L p. 622.
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Duplex in Geometria fublimiori occurrit Metbo-

dus quee dicitur Tangentium; alia direfla, alia
tnverfa. flla rationem monﬁmt, ex data curvee in-
dole feu aequatione, ad quodvis ejus punctum inve-
niendi tangentem, normalem, radium curvaturee, &
quee’ funt reliqua’ ex: tangentibus dependentia, Hae
vero ex datis tangentium proprietatibus vel aliis
quibusvis curvarum affetionibus, relationem inter
harum Coordinacas, adeoque rationem easdem con-
ftruendi detegere docet. Methodo illi diredtze perfi-
ciendze jam dudum operam dederunt Mathematici, &
invento calcule differentiali, haee doétrina illud facil-
lime attigit faftigium, ut in ea nihil fere amplius de-
fiderari videatur. Primum Methodi tangentium in-
verfee fpecimen debetur Clariflimo Gallorum Mathe-
matico de Beaune; & licet ab illo inde tempore egre-
gia fuerit Mathematicorum induftria in hac Geome-
triee. Curvarum parte excolenda, eam tamen in in-
cunabulis quafi jacere adhuc fatendum eft. 1d enim
huic difciplinee. commune eft cum caleulo integrali,
fine quo in illa parum proficere licet, ut quee hacte-

nus inventae fint regule, quamvis in cafibus quam
A2 plu-
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plurimis, immo innumeris fufficiant, minime tamen
generales dici mereantur, guum longe plura occur-
rant problemata, quorum folutio vulgarium regula-
rum ope minime fuccedat. Sagacitati igitur Geo-
metrarum relinquitur, in hujusmodi cafibus novas,
quibus metam contingant, detegere vias. In re tam
maxime ardua moliri aliquid, audacilfimum certe vi-
debitur; quum vero quadam nobis fuccurrerint pro-
blemata huc pertinentia, quorum partim nullam a
Geometris antea factam mentionem viderimus, par-
tim novee nobis fefe obtulerint folutiones, horum per-
tractationem, fpeciminis Academici loco, benigna Tua
C. L. venia, publicee jam luci committere audemus.

§. IL

Prosrema. (Fig. .) Si Curve B ad quodvis
punEfum M coordinatw Orthogonales fuering AP = %
& PM = y, atque ad tangentem M L ex dato puntio. 4
duita normalis AL = v: ex data relatione inter v &5 al=
terutram coordinatarum x vel y invenire. indolem curve.

Demifla’' L K perpendiculari in axem 4P, & ex
punéto m ipfi M infinite propinquo ducta tangente
Sm, cui ex dato punéto A fiat normalis S/, tangen~
ti /7L ‘occurrens in /, i angulus LM P (= LAK)
dicatur @; erit ang. SHM! = d@ & (pofito fina toto
=1) LK = v Sin ¢, atque 4K = v Cof ¢, adeoque

PE (=P~ AK) =% 4= v Cof¢ & ML = jjf@
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:’?__’*:..:‘iwgqr@, unde; quum fit dv = S/'= L. do,

&y =MP = ﬂfL Cof @ »~ LK, fequentes obti-

(% + v Cof[ Q) dP
Sin @ (A) at-

(B), quarum opé ex data

- mentyr Aquationes: dy =

x Cof @ n=v
Sin, ®
relatione ipfarum v & « invenitur. natura.curve: BM.
Eadem ratione, fafta permutatione Coordinatarum,

(y~v§m@)d¢ (A & %
Coj o

(Bl)a quae }Equatlones mfervnmt cur-

que ¢ ==

demonﬁratur fore: dv =

75 Cof@
vee inveniendee, quando v eft functio quaedam Jpﬁus j.

Exempl. 1. 81 V= %, erit cix = x.a’o gr-%-q:’ofé\) (A)a

\ % (I - FafCD)
&y= g . (B), adeoque dx = yd¢.

Quum vero {it dx'= dj Ttmg ®, erit id/___, Cofg¢ﬂcp,

& falta integratione, y = C Sin"¢ (denotante C

quantxtatem conftantem atbltmrlam) Hoc ipfius
g valore fubftituto in eequ. B, prodit x = FSM ®cp

’A““Lij

C(i~ Cof®). Erit 1g1tur C® S @2 =g GF

Cof @2 = (2 Cx 1= %73 unde (ob Sin @ e Cof/®?

= 1) obtinetur y* =3 Cxx?, sequatio ad Cirenlum.

43 Lxceii-
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Exémpl 2. Si v-—'x+a, fit du'= S

4='a Cotang dP (A), quze equatio (dividendo per
2, Sin } @*) transformatur in hanc per fe integrabilem;

dx xd® (1= Cof@) a Cmb odo {'e
281 EQ% 0 ~25i1 3 QFidin P’ .quz{-’P W 81D
Wil %oy (3.8:3-%) o *@dﬂp _ad® o
2.0m3 @’ iy 2001 % @ oS @’ u-
jus integrale eft lnq:;z =C—3al Tang ; ¢

(def' gnante L Logant mum hyperbohcum), quae -
1 (1= Cof Q) 4=~a
PP
indolem curvze, quee quidem, nifi fuerit 4 = o (Ex-

empl L) femper erit trdnscendens

quano collata cum y = exhibet

Exempl 2 Sl UV =K e G, Bl‘lt dx _—;__-—
%d@ (r-=n Cof ®) 2 4 C’o/'Q)dd) .....

= A uze @quds
nSin @ 7 ome ( )79 E
el - Cof % @<
. . . . ﬂ
tio ope multiplicatoris ~—c:——=7 per fe mtegra—
ity 2 Sin'd .
ilis reddi : i ' e
bi edditur. Fadta vero integratione prod o
T —
e X ﬁsz*qf-x-zCSm*@ Tang + @ - =
' xo(n-=Cofe )
Ex hac zequatione comparata cum y = Clidaml AL

Stn @
(B),
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(B), innoteleit relatio Coordinatarum x & 7 adeoque
natura ipfius Curvee B, quam patet’femper fore
Algebraicam, nifi fuerit #, = 1 (Exempl. 2.)

Scholion 1. Si in sequatione fupra allata y' =

4 Cg/z‘f_____‘;" Y, pro Sin ¢ & Cof ¢ fubltituantur horum
ki SLC ot ; f{}" o S d
VA e B sy <V B Y0 o5

du
—~ xdy = v Vdx* -~ dy*, adeoque ——

2 F3 2
po i i 2 X:xm':,y _ L U'i,' unde quoties fuerit v fun-
‘&io aliqua alterutrius ipfarum x & 7, falta integra~
‘tione ftatim. obtinetur ipfa sequatio curvee. Quum ve-
ro in plerisque cafibus difficillimam fore conftat inte-
grationem zequationis hujus differentialis, commodior
Hzepiflime erit Methodus fupra expofita inveniendi re-
lationem inter curvee coordinatas.

Scholion 2. Ope =equationum illarum 4 & 7,
“inveniri etiam poteft natura eurvee, quoties fuerit v

funétio quaecunque anguli §. Facta enim reductione
. Lo Sin @

obtinetur: x = ?d_\;[ ~ v Cof@, &'y = d?fag;)fcb
- v Sin @, unde ope anguli @ datur relatio ipfarum
x & y, & quidem absque omni integratione; quod
unico exemplo illuftrafle fufficiat. Si fuerit v Cof @

(feu AK) = a, adeoque locus punéti L redta ‘pofi-
: tione
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sl a Sin @

ione data KL, erit — — ————r
(tg9*—1) & y=20lg P, unde obtinetur 3 =
40 (a = x),  Cuyrva igitur heec erit Parabola coni-
ca, cujus Focys eft 4 & vertex KX, :

adeoque ¥ = 0

Scholion 3. Generatim etiam eadem Methodo
folvi poteft problema hoc-pro datis quibusvis angulis
HMPN & MLA 8i feilieet dato Coordinatarum an-
gulo /PN = «, & ex dato puntto 4 dulta AL, quee
cum tangente // L efficiat angulum quemyis conftan-
tem ALJ = A, detur relatio inter 4L = v &-alter-
utram Coordinatarum /P = x vel PJl = y; (pofi-
to ang. LM P =@, adeoque LAK =X =~ a+'¢) in-

R, Lo Sink Cof@ =< xSine) d @
veniuntur sequationes: dv = - A BT B

. (y Sing —v.Sin A Cofa — ) d P s

= Sii 4 Sin (@ — @) Wpisig

v SinA 4=xSin(a— @) y Sin Q —v Sin A
E Sin (4= 8)

YT vel x b
quarum ope indoles curvee innotefcit. Si vero fues
rit v funétio aliqua anguli @, absque ulla integratio-
ne indagari poteft relatio inter x & y ex sequationi-

bl _-Siw A (dv Sin @ e Cof D), & ¥
SinA ,dv-Sina — .

bus: ¥ = S NI
Sin a o R e B

§. I
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ProuuemA. (Fig: 1.) ' Si‘ex dato punffo 4 ad
quamyis “cirve” B tangentem M L. ‘ducatur-morinalis
AL: ex data selatigne. ipfarum. 4L u €3 ML = ¢,
Inyenire Curvam.’ { et Sxo A il
s 11: _"itri'fe}' B[M_ ‘Coordinate Or'fh()gbnalés AP

= x & P.M = y,7atque 'ex dato punéto A ducatut
tangenti parallela five normali curvee MV perpendi-
‘ularis AQ, ordinatée P occurrens'in‘@. ' Si an-
gulus LALP (= MNP = AQL, ="MOEQ) dicatur
@, (pofito finu foto = 1), erit OP = Cotg ¢, &

O na O 25 28 4o o
0Q = 110 Cof P = 5 Cof ¢ — ’i{‘;r;’m ; & MQ i

JO Sin @-fen =y Sin & —.x Cof @, atque ‘L=
A0 =10Q) = ¥ Cof @ == x Sin @, quibus valoribus
fubfticuds, in-data aequatione pro ¢ & y, & ‘extermi-
Ay e Mm@ NL2 TR G 1 — . i [ &

natis funétionibus anguli @ ope 2quationis — ——
. ks rrven eyl sy M) s - 8 ~ o b

tang @, obtinetur sequatio differentialis inter x & 7,
quee integrata exhibet sequationem curvee quefitam.,
Facilior autem plerumque fit hujus Problematis
folutio ope ordinatarum 4M ex dato polo A prode-
untium. Si namgque fuerit 4 M = u;-atque interce-
ptus ab A4l & recta pofitione data 4K angulus JEAK
=z, nec non ang, A’Mfé =¢; erit v =u Sin ¢ &
Fis
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t = u Cof &, quibus fubftitutis in data aequatione, re-
lationem iplaram ¢ & v exprimente, inveniatur 4g &
= U fandtioni: cuidam, iplius-#, unde porro, quum

in. genere it .wdz = du tang W, obtinetur 2
"Tdu

“EX hac zequatmne-ulterms fi ita placuerit,
i

‘enui facile poteft alia pro coor dinatis orthogonalibus

A

w& #, quoniam eft taﬂgz_.a- ‘f &u= Vx4 y°.

Exempl 1. Si fueric mt-.;.m; =a, erit m Cof«}

a
= Sin g = <, unde fi ponatur (m? ~=n2) u? =
S b @0 '
m ‘_{_‘{nl’
mn(a 4§ )'I""(m =n2)as _ naz=ms

degll. = m*at—mn’s? “Eiea mans

oy Sds . Udu alom w20 ES
&-;f"—'a_-:i—'- doq, dz_'f*’a —x—-s’

md s
T MO NS

2 Iob (ma 3 ns). Ex hac aequatwne collata

a? = s?,adeoque 4 = invenitur fg 7

cu_]us integrale eﬁ: % = C' 5 Are. Tg ;

a’
‘cum u’ = f_, i famle mVemtur con&ru&xo cur-

"h -i-n
vee quft:{' itee,
Exempl.. 2. Si queeratur curva B talis, ut fit

i 24 du
_tv,_, 2a ,entu,_.m,& 7‘*—‘—-C0tg£¢d¢

‘adeo-
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adeoque dz = — Tung ¢ Cotg 24 dy = — d§ =
dy '
2o/ P
1 tg ¢ (adeoque @~ ("=} Tg ¥ ); unde patet conftru-

¢tionem hujus curveae ex quadratura Circuli pendere.
Scholion. In genere fi ex puncto fixo A dufa
recta AL cum tangente ML efliciat datum angulum
ALM = a, & detur relatio ipfarum AL = v & ML
= t, retentis de caetero prioribus denominationibus,
ad inveftigandam indci}em curvzg fe?uente‘.; conducunt
u Sin o Sin (A =)
Din A, ey S A, die
du g ¥ = udz, quarum veritas vel ex fola infpectione

triangulorom LM A4 & Jrm facile patet,
' | §. 1.

' Tarorema, (Fig, 1.) St curve BN ad punélum
guodvis M Radius ofculi it RM, qui (productus fi opus
fuerit) fecet in IV reffam.pofitione datam AN, € ex
dato hujus punéto A ad tangentem DL, nec non ex pun-
&o curve M ad recfam AN ducantur perpendiculares
AL, WP refpeélive; erit Radius oftuli R ad refeéfam

AN, ut fluxio ipfius AP ad fluxionem ipfius AL.
Demonfly. Sumta portione curve [MMm infinite
parva, 1i ducantur Rm, AM, Am, atque tangenti mS
perpendicularis 4S, nec non ipfis 4V, NP, MR &
Am refpe@ive perpendiculares mp, Mg, AQ & Mr,
fitque 4P =%, PM = y,B/lM =u& AL=v; ;'.’rit
¥ M.

Hinc integrando invenitur 2 = C~ ¢ s«

formulee: v =




i) » ¢ 8
e L Pauenidht ob'A'Sim v & M Rnv eft st

J—
avyv

(it—i‘liy')‘l/ﬁ'ﬁr Yk (m LZ’L"“ JUR atoue ob a ]I/]rm
vy a M LAy s v (~du) s AN Gl LG
ergo ex 2equo dv 2duisus RA41]. . Porro ob a ]IZ )

.A,[U}PN eiiv Mg (,_. dx) goio (s dy) s P ( =
ﬂ) p;Ar Lli’tamoorcn1 -P]V ﬁd“ a&eoque JIV’-J'

z;dcz{ w-"‘f i mh;
Sirhday Aot unakExy

= =y= s & inn&uﬁz@é.——%b’m»%« E?fciyi,-‘eri-tzﬂv e
quate R ,jIV ud”'”dﬁuz{x dv Q. E D

- Aliter & brevius idem ﬁC evincitur: quum ob 4
Simw o MRm, fit SI'C= ﬂlv) Mm::Sm{(=A4Q)
: RAE & ob nﬂz]gm d AQ N5 Mm: Jqu Compx) i
A'N AQ, erit. ex aequo dusdx;, AUV RIL Q k. ﬂ,

§ Vi y \

PPGBLEMA (F1 & ) fﬁvemre curuam B, m—
Jts Radius quivis oﬁﬁlz R ad, pomomm AN, guam
ex dat pojitzone’ !EF’Z f'.f;/i’caf it in dm‘a mtzone Rﬂf
AN '

X Quum vero fit z°? ::x

udu}

, hsdem ac in §. TV.' poftxq quum per Tlxeorefna )
allatum fic R - d[V dx ;dv, erit. dv =ndx, adeo-

que v=a e X (deﬁguante a con&antem quamvis
arbi-

. a
1
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arbitrariam ); unde indoles curvze facile invenieur (§.
AL). ~Si itaque Ang. MNA dicatur 9, pro u = -vel

@« 2aSintP?
R 0 = i il S 9
Tdng-'—-Q Y.~ 1 atque y = '__'.’X‘ (ﬂ 4+~ Cof @) -»L.a (§ H

“Om @

Exempl. 3. ) Si vero fuerlt RM = AN feu n:—= 19
erlt(S 1L hxz)%a+x=sz1q>2 (C._.-}aL
tg ) &y == G +.S§2f£) +'_ , nifi fumatur @ =
0, quo in cafu curva queefita erit cireulus (§ IVEX. % )

- Scholion 7. Quoniam fumta & uniformiter flu-
ente, fen d*x =0, fit Radius curvaturae RM
2
{fpin yinviy ) & AN'= "% 4= w, methodo vulga-
—~dx d*y ax .
ri’ pro curva quae{' ta obtinetur sequatio différentio=
differéntialis: ‘n (dx? s="dy*) 3 == (xdx == yiy)
d?y = o0, que quidem integrationem admittit, cal-
culum vero prolixiorem fupponit, quare folutionem
a, nobls aliatdm huic praefelendam autumamus.
. Scholion 2. Si refe&a AN dicatur P & norma-
lis MN s, adlumta dp conitante,, erit generanm Ra-..
dms ofculi RM =5 — g d""d (deferipto enim

centro R arcu IV, & poﬁta dp Nu, erit tni= ds
='dp Cof @, adesque Cof @ = E’ & do == ~
35 9 1061 BH9Na . ap: BVIR

B3 dé
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ﬁ_f_s_a- -, nec nbnNt:dpSinqb: Vdp:—dse.
pz_-‘ 5 T 2 2
E{‘cveroRM-aszNR::j—L—t—u;Ergo

a9~  —a*s
RN = s — 22225 ) Hoc adhibito Radii ofcu-

li valore, preefens Problema, in quo ponitur R/ : p
::1:n, ad fequentem redigitur sequationem differen-
tio-differentialem: (p — #5). d*s »1s 0. (dp? —~ds?)
= 0, cujus mox patet primum integrale fore: (p—ns)
fs — (C»='s —up) dp= o0, quae 2quatio differens
tialis primi gradus , per:Methodos cognitas ulterius
integrari poteft, - Hac peracta integratione invenitur

relatio ipfarum s & p, unde quum ﬁt%ﬁ: Cof ¢, fas

cile innotefcit ratio conftruendi curvam quaefitam -

pe equationum ¥y = s Q & x=p— s Cof
. $. VI |

TuroreMA. (Fig. 2.) Si Curva BP Jit trafforia
aid AN (ita ut ad quodvis illius ‘punéfum P duf¥a tan-
gens P, huic occurvens in' M, fit conftans fon PM =
a) €5 ad punéla correfpondentia P €5 M utriusque li-
neee ducantur normales PR € MC: pun&ium occurfus
harum R erit centrum civculi trafloriam in P ofculantis,

Demonflr, Sumta portione curvae Pp infinite
pirva, ducatur ex p alia tangens tractorie pm &
cen-
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centro P per M deflcribatur accus circuli 7n. Quum
igitur fint anguli AMR, MPR & Mnm finguli rect,
ideoque PRM = PMA = Mmn, erit. a Mmna a
MRP, quamobrem Mu:nm:: MP:PR. Sunt vero
(hypoth.) tangentes P M & pm sequales adeoque eti-
am pm = Pn, unde Pp =mu. Erit itaque Mn: Pp
: Mn __ Pp Mn ,

salMiP : PR.& Wr= ‘FR'SMM'P = ang. MPm, &

jundtis R, p, pariter eft % = ang. PRp; quare an-

guli MPm & PRp 2equantur, adeoque etiam ang. Rpm
= RPM = refto. Unde quum Normales ad curvam
fint ambze PR & pR, & quidem infinite vicinze, pun-
¢tum occurfus harum R erit centrum circuli, curvam

BP in P ofculantis. Q. E. D. _

Cor. 1. Si fuerit curvee AM ad pun&tum M Ra.
dius curvaturee MC = R, & ponatur AM = 2, nec

non MR = y; erit v;aRduai = (R =) dz Dulta
enim Cm, cui in r occurrat pR produéta, & centro C
deleripto arcu Rg ; ob angulos Rgr & RPM rectos nec
non ang. RArg =PRM, erit a Rqr «a A-RP’D/I_ZHugde
Rq:rq (=dy):: PM (=a): PR (= V¥’ ~a°)
& Rg = VEL Porro ob fimilitudinem feétorum

yl___ @

il : d
RCq & MCm, eft Mm (=dz): Rq (= ?—f—?—aﬂ)

¥ (ir-8,
.‘:Cﬂl
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. Ty g LY ' aRdy >
1 CM (= R): CR (= Rﬁj);quare-‘?-'—,—~
= (R —y)dz, ex qua sequatione, data Curva AM

adeoque relatione ipfarum £ & =, fi inveniatur y, hu-
jus ope facile conftrui poterit tractoria BP.

Cor. 2. Quum ob aMmnewa A MRP fit Mm

: MR:MP; adeoque %&Ig ﬁg = ang. 'MPn

='(dem) ang. PR, atquc ﬁau = ang. MCm; fequi-

tur efle ang. PRp" ang. MCm':: MC: MR,
j g VIE '

PROBLEMA Imemm Evolutam Tmﬁorm ﬁm—
plicis.

Si (Fig ) BP fueu,t Tia&oua ﬁmplex, (pro
qua igitur erit AM linea refta, adeoque MR & mir
parallelee), erunt AM & MR coordinatee:- mthogonaﬁ-
les Evolute DR. Retentis igitur iisdem ac in §.
Pweced denommatlombus, ob Radmm R ‘infiditum

adeoque R—~y=R, erit (§- VL. Cor L) \[aa’z; ’
= dz unde C+_§ :( ’ZW ’ ""‘Lo freys L e
Jvé' G

feuaNC ._*j-;q Vyi—a? de{"gmnteNnu- 2

merum CujllS Logarithmus’ hyperbohcus eft =.
Cor,
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~Cor. 1. Si curve hujus ad pundtum R fit Radi-
us ofculi KR, erunt fectores RKr, PRp fimiles, qua-

re KR:PM::Ry: Mn & ob sRrg 2 aAMRP, PM

:MR::Ryg (=Mm):Rr; ergo ex sequo KR : MR
2: Mm: Mz Quumque ob a Mam by aMPR fit M
tMn:: MR:MP, erit KR : MR :: MR : MP, adeoque
Radius ofculi KR = Z.
] @ :
Cor. 2, Quadratura hujus curvae facilis invens

b dy
tu eft. uum enim fit d2 = A it (1 dz =
Q \]?j-,a— erltf_fj d&. —

VIR ?
-—e(?}2

{m*r—“l-—éi; =aVyi—a +C= 22 MPR 4 C/, de-
’J!]a R ; ;
notante C/ fpatium quodvis conftans:

ProsremA. Tnvenire Traftoriam Circuli.

'Sit (Fig. 2.) AM Circulus centto C radio CM
= § deferiptus, cujus queeritur Tra&oria BP, pro qua
fit longitudo tangentis PM = 4. Pofitis ut antea at-

: Fa abdy
cuAM = z& MR = 7, ferltidz = A
(§. VL Cor. 1.), quee formula, falto y — Vy® —g?

= U

=t fen ¢ =

2abduy

hac enim fubftitutione obtinetur 4z =
C cujus

——, ad rationalitatem perducitar ;.

50 |
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